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SUR LES REPRESENTATIONS UNITAIRES 
DES GROUPES DE LIE NILPOTENTS. III 


J. DIXMIER 


Dans un article antérieur (3), j'ai donné quelques théorémes généraux sur 
les représentations unitaires des groupes de Lie nilpotents simplement connexes. 
On va, dans le présent article, construire explicitement les représentations uni- 
taires irréductibles et la formule de Plancherel des groupes de Lie nilpotents 
simplement connexes de dimension < 5. 

Au §1, on construit les algébres de Lie nilpotentes (sur un corps quelconque) 
de dimension < 5. Ce travail a été fait indépendamment (mais non publié) 
par C.Chevalley. Différents auteurs se sont occupés depuis longtemps de cette 
classification (cf. par exemple (7)), mais je n’ai trouvé nulle part les tables 
de multiplication explicites.' 

Pour toute algébre de Lie g, on désignera par U1(g) son algébre enveloppante, 
par 3(qg) le centre de U(g). Au § 2, on détermine 3(g) pour toutes les algébres 
de Lie construites au § 1. On trouve, dans tous ces cas, que 3(g) est une 
algébre de type fini (ce qu’on ignore en général); on constate méme que 3(q) 
est une algébre de polynémes, a l'exception d’un cas (il s’agit de l’algébre 
notée plus loin gs5,5). 

On peut alors déterminer l'ensemble A des caractéres hermitiens de 3(q) 
pour les algébres g du §1. II s’identifie A une variété algébrique affine réelle 
2 birationnellement équivalente 4 un espace affine (en fait, sauf dans le cas 
de gs,s, 2 est mé@me un espace affine). D’aprés la théorie générale de (3), les 
représentations unitaires irréductibles du groupe simplement connexe corre- 
spondant sont paramétrées “en général” par les points de 2. L’étude détaillée 
est faite du § 4 au § 11, et montre qu'il existe effectivement des caractéres 
hermitiens ne correspondant 4 aucune représentation unitaire irréductible, 
des caractéres hermitiens correspondant 4 un nombre fini > 1 de représenta- 
tions unitaires irréductibles, et des caractéres hermitiens correspondant a une 
infinité de représentations unitaires irréductibles. On constate, dans les cas 
étudiés, que les représentations ‘“‘exceptionnelles’”’ sont des représentations 
triviales sur certains sous-groupes de dimension > 1, et peuvent donc étre 
considérées comme des représentations d'un groupe de dimension strictement 
plus petite; ceci permet de paramétrer toutes les représentations unitaires 
irréductibles, par récurrence sur la dimension du groupe. Malheureusement, 


Regu le 28 novembre, 1957. 

‘Je n’ai pu consulter la thése de K. A. Umlauf (Ueber die Zusammensetzung der endlichen 
continuierlichen Transformationsgruppen, insbesondere der Gruppen vom Range Null, Leipzig, 
1891), citée dans la thése de E. Cartan. 
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ce fait n’est pas général, comme le montre l’exemple d’un groupe nilpotent 
de dimension 7 étudié au § 12. Toutefois, on peut espérer que la situation 
pour un groupe nilpotent simplement connexe [ quelconque d’algébre de 
Lie g serait la suivante: 

3(g) est une algébre de type fini; l'ensemble A des caractéres hermitiens 
de 3(g) s’identifie 4 une variété algébrique affine 2 birationnellement équiva- 
lente 4 un espace affine; l'ensemble 2’ des points de Q2 correspondant a une 
représentation unitaire irréductible et 4 une seule (A une équivalence prés) de 
I est une partie non vide 2’ de @, ouverte pour la topologie de Zariski. Les 
points de 2 — 2’ correspondent aux caractéres de 3(g) nuls sur certains ideaux 
premiers a de 3(g); soit a’ l’idéal (bilatére) de 1(g) engendré par a; alors, les 
représentations unitaires irréductibles de I dont le caractére s’annule sur a 
sont scalaires sur le centre de U(g)/a; et ces représentations unitaires se 
paramétrent “en général” a l’aide des caractéres de ce centre; il y a 4 nouveau 
des exceptions, mais, de proche en proche, on est ramené au bout d’un nombre 
fini de pas 4 une famille de représentations unitaires irréductibles sans sous- 
famille exceptionnelle. 

L’exemple de gs5,5 montre d’ailleurs que ®’ n’est peut-étre pas le sous- 
ensemble le plus intéressant de @: dans ce cas, en effet, la forme différentielle 
rationnelle qui intervient dans la formule de Plancherel n’est réguliére que 
sur une partie de 0’. 

Au § 13, on montre que, pour un groupe de Lie nilpotent non simplement 
connexe, la formule de Plancherel doit faire intervenir les représentations 
unitaires irréductibles exceptionnelles. 

On désignera par R le corps des nombres réels, par C le corps des nombres 
complexes, par L_”(R") l'ensemble des fonctions complexes sur R" de puissance 
p-iéme intégrable pour la mesure de Lebesgue, par .“(R") l'ensemble des 
fonctions complexes sur R" indéfiniment différentiables 4 décroissance rapide, 
par D, l’opérateur de dérivation par rapport a la iéme variable dans .(R"), 
par M, l’opérateur de multiplication par la ime variable dans Y(R"). Sur 
un groupe localement compact dont |’élément générique est noté y, dy désig- 
nera une mesure de Haar quelconque. 


1. Algébres de Lie nilpotentes de dimension < 5. Soit K un corps 
commutatif. Nous laissons au lecteur le soin de vérifier que les tables de 
multiplication ci-dessous définissent bien des algébres de Lie nilpotentes sur 
K. (Dans ces tables, (x;, x2,...,x,) désigne une base d’une algébre de Lie 
de dimension m; on donne le crochet [x,, x;] seulement pour 1 < j et seulement 
si ce crochet est = 0.) 

Dimension 3: 
Gs : [x1, x2] = xs. 
Dimension 4: 


Ga : [x1, X2] = Xs, [x1, x3] = x4. 
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Dimension 5: 


Qs,1 : [x1, x2] = xs, [x3, x4] = Xs. 

Qs,2 : [x1, x2] = x4, [x1, Xs] = xs. 

Qs,3 : [X1, X2] = x4, [x1, x4] = Xs, [x2, x3] = xs. 

Qs.4 : [x1, X2] = Xs, [x1, x3] = X4, [x2, x3] = Xs. 

Qs,s : [x1, X2] = xs, [x1, Xs] = 2X4, [x1, x4] = xs. 

Qs.6 : [x1, X2] = Xz, [x1, X3] = X4, [x1, X4] = Xs, [x2, X3] = Xs. 


Notons d’autre part gq; l’unique algébre de Lie de dimension 1 sur K. Alors: 


PROPOSITION 1. Toute algebre de Lie nilpotente sur K de dimension < 5 est 
isomorphe a l'une des algébres du tableau suivant: 


Dimension 1: q:. 

Dimension 2: (g:)?. 

Dimension 3: (g1)*, Qs. 
Dimension 4: (91)*, @3 X @1, Gs. 


Dimension 5: (91)°, Gs X (G1)*, Ga X Gir G51, 5,2, 5,3, O5,4) O5,5) 5,6. 
Les algébres de ce tableau sont deux a deux non isomorphes. 


Démonstration. Montrons d’abord que ces algébres sont deux 4 deux non 
isomorphes. Ceci est évident pour les dimensions 1, 2, 3. Les centres de (g;)*, 
G3: X G1, G4 sont respectivement de dimensions 4, 2, 1, donc ces algébres sont 
deux 4 deux non isomorphes. Pour les algébres de dimension 5, les dimensions 
des idéaux de la série centrale descendante et de la série centrale ascendante 
sont données par le tableau suivant: 


(g1)*: 

Gs X (g1)?: 
G4 X Qi: 
Q5,1: 

Q5,2: 

Q5,3: 

Q5,4: 

Q5,5: 

Q5,6: 


On voit que ces algébres sont deux 4 deux non isomorphes, a l'exception 
peut-@tre de gs.s et gs. Mais l’annulateur de [g5.5, @5.5] dans gs.5 est de 
dimension 4, tandis que l’annulateur de [g5,¢, 95,6] dans gs5,. est de dimension 3; 
donc 5,5 et Qs,6 sont non isomorphes. 

Montrons maintenant qu’on a bien obtenu toutes les algébres de Lie nil- 
potentes de dimension < 5. Posons, pour toute algébre de Lie g, D'g = [g, g], 
D*q = [D'g, D'g]. Alors, si g est nilpotente, on a dim g/D'g > 2, dim 
D'g/D*q > 3 (cf. 2). Ceci posé, la classification est évidente pour les dimen- 
sions 0, 1, 2. Soit g une algébre de Lie nilpotente de dimension 3 sur K. La 
dimension de D'g est 0 ou 1. Si dim D'g = 0, g est isomorphe a (g;)*; si 
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dim D'g = 1, D'g est contenu dans le centre de g; prenant x, et x2 dans g 
linéairement indépendants modulo D'g, [x:,x2] = x; engendre D'g, et 
(x1, X2, X3) est une base de g, donc g est isomorphe a g;. Soit maintenant g 
une algébre de Lie nilpotente de dimension 4 sur K. La dimension de D'g 
est 0, 1 ou 2. Si dim D'g = 0, g est isomorphe 4a (g,)*. Supposons dim D'g = 1. 
Alors, g est extension centrale de l’algébre de Lie abélienne g/D'g, qui est de 
dimension 3, par D'g; comme une forme bilinéaire alternée sur un espace de 
dimension 3 est dégénérée, on voit qu’il existe un sous-espace § de dimension 1 
de g contenu dans le centre de g, avec § (\ D'g = {0}; soit h’ un sous-espace 
vectoriel de g de dimension 3 contenant D'g tel que g soit somme directe de 
bh et b’; alors 6 et 6’ sont des idéaux, donc g est isomorphe a § X b’, c’est-a-dire, 
d’aprés ce qui précéde, 4 g: X g3. Supposons maintenant dim D'g = 2; alors 
Dg est une algébre de Lie abélienne; il existe une base de D'g telle que, 
pour tout x € g, adpigx admette une matrice de la forme 


(9) 
A(x) O7 ’ 


et \ est une forme linéaire sur g nulle sur D'g; soit h un sous-espace vectoriel 
de dimension 3 de g, contenant D'g, contenu dans le noyau de \; alors 5 
est un idéal abélien de g; soit x, un élément de g n’appartenant pas a 5; soit 
u = adpxi; on a D'g = u(b), et uw est nilpotent; utilisant pour u la forme 
réduite de Jordan, on voit que g est isomorphe a gy. 

Il nous reste 4 classer les algébres de Lie nilpotentes de dimension 5. Si g 
est une telle algébre, D'g est de dimension 0, 1, 2, ou 3, et D'g est une algébre 
de Lie abélienne. Si dim D'g = 0, g est isomorphe a (g;)°. Si dim D'g = 1, 
D"g est dans le centre de g et le crochet dans g définit une forme bilinéaire 
alternée non nulle sur g/D'g; suivant que cette forme est dégénérée ou non, 
g est isomorphe a g; X (g:)? ou a gs,1. Supposons dim D'g = 2, et soit ¢ le 
centre de g. Nous distinguerons trois cas: 

(a) D'g Cc. Soit h = g/D'g, qui est une algébre de Lie abélienne de 
dimension 3. Le crochet dans g définit une application bilinéaire alternée de 
h dans D'g, donc, aprés choix d’une base de D'g, deux formes bilinéaires 
alternées fi, fe sur 6. Comme dim § = 3, il existe x € 5 tel que fi(x, y) = 0 
pour tout y € §. On peut choisir y non proportionnel a x de facgon que 
fe(x, y) = 0. Soit z € b, tel que x, y, z forment une base de 5. Soient x’, y’, 2 
des représentants de x, y, z dans g. On a [x’, y’] = 0, et [x’, 2’], [y’, 2’] en- 
gendrent D'g. On voit alors que g est isomorphe & Qs». 

(b) D'g Ze, eZ D'g. Soit 6 un sous-espace de dimension 1 de ¢ non contenu 
dans D'g. Soit 6’ un sous-espace de dimension 4 de g contenant D'g mais non 
b. Alors, § et 6’ sont deux idéaux de somme directe g, donc g est isomorphe 
a 6 X 6’. On a D'h = Dg, donc, d’aprés ce qu’on a vu plus haut, 6 est iso- 
morphe a gs. Donc g est isomorphe a g, X Qi. 

(c) ¢ C D'g, ¢ # D'g. Alors, ¢ est de dimension 1. L’algébre de Lie g/c, 
de dimension 4, est telle que D'(g/c) = (D'g)/c soit de dimension 1, donc 
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est isomorphe a g; X g: d’aprés ce qu'on a vu plus haut. II existe une base 
(yi, Ya, ¥s, Ys) de g/c telle que 

(ys, ¥2] = ys, (yi, Ys] = Ly1, Ya] = Lye, Ys] = Lye, va] = Lys, a] = O. 


Soient x1, X2, X3, X4 des représentants de ;, yo, ys, ya dans g, et x5 un élément 
non nul de c. En choisissant convenablement x3, on a 


[x1, X2] = x3, [x1, x3] = Axs, [xX1, x4] = wXs, 
[x2, x3] = wx5, [xX2, X4] = pXs, [X3, X4] = oXs. 


L’égalité 
[[x1, x2], x4] + [[x2, x4], x1] + [[x4, x1], x2] = 0 


donne ¢ = 0. Comme x; ¢¢, on a A # 0 ou vy ¥ O. Echangeant au besoin x, 
et x2, on peut supposer \ # 0. Remplacant x2. par x2 — (v/A)x:, on peut 
supposer vy = 0. Remplacant x, par x, — (u/A)xs, on peut supposer pw = 0. 
Comme x, ¢c¢, on a p # 0. Multipliant x, et x; par des scalaires, on peut 
supposer \ = p = 1. On a alors la table de multiplication de g5,s, 4 l’échange 
prés de x; et x4. 

Enfin, g étant toujours une algébre de Lie nilpotente de dimension 5, 
supposons dim D'g = 3. Soit ¢ le centre de g. On a ¢ C D'g; sinon, d’aprés 
un raisonnement déja fait, g serait isomorphe au produit d'une algébre de 
dimension 1 et d’une algébre de dimension 4, et on aurait dim D'g < 2. On 
a ¢ * D'q, car, si on avait [g, D'g] = 0, on aurait dim D'g < 1. Donc ¢ est 
de dimension 1 ou 2. 

(a) Supposons dim c¢ = 2. Alors, g/c est isomorphe A g;. II existe donc 
des éléments x;, X2, x3 de g, linéairement indépendants modulo ¢, tels que 


[x1, X2] = Xz, [x1, X3] € ¢, [xo, x3] € ¢. 


Comme dim D'g = 3, [x1, x3] = x4 et [x2, x3] = xs doivent former une base 
de c. On voit donc que g est isomorphe a Qs .4. 

(b) Supposons dim ¢ = 1. Alors, g/c est isomorphe a g4, donc g est extension 
centrale de gs par g:. Cette extension est définie par un cocycle f, forme 
bilinéaire alternée sur gy. Soit (e1, é2, €s, €s) une base de g/c = gs pour laquelle 
la table de multiplication est celle indiquée plus haut. Ecrivant que f est un 
cocycle, on obtient f(e2, e,) = f(es, es) = 0. En ajoutant a f un cobord, on 
peut supposer que f(e:, ¢2) = f(é:, és) = 0. La table de multiplication de g 
est alors (x; désignant un élément non nul de ¢ et x;, x2, Xs, x, des représentants 
de ¢1, é2, €3, &, dans g): 


[x1, X2] = X3, [x1, x3] = X4, [x1, X4] = x5, 
[x2, X3] = wxs, [x2, x4] = 0, [x2, x,] 


0. 


Comme x, ¢c, on aA # 0. Remplacant xs par A~'x5, on peut supposer A = 1. 
Si » = 0, g est isomorphe Aa g;,5. Supposons désormais un ~ 0. Remplacant 
X1, Xe, Xs, X4, Xs Par X1, wo xe, woes, wey, wo'xs, on voit qu’on peut 
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supposer 4 = 1. Alors, g est isomorphe a Qs,s. Ceci achéve de prouver la 
proposition I. 


2. Centre de l’algebre enveloppante pour les algébres de Lie précé- 
dentes. Nous allons chercher 3(g)* pour les algébres de la proposition 1. 
Comme 3(g X g’) = 3(g) @ 3(Q’), il suffit de le faire pour gs, gs, Gs, 95.2, 
G5,3, 95.4, 95,5, O5,6- 


PROPOSITION 2. Supposons K de caractéristique 0. Utilisant les mémes tables 
de multiplication qu’au § 1, on a le tableau suivant: 


3(@3) = K[xs], 
BGs) = K[xs, 2x2 x, — x3], 
3(Gs.1) = K[xs], 
B(Qs.2) = K[x4, xs, x2 %5 — x3 x4), 
3(Qs,3) = K[xs], ’ 
3B(Qs.4) = K[x4, x5, 2x1 x5 — 2x2 x4 + x3), 
B(as.s) = K[xs, 2x3 x5 — x4, 3x2 x5 — 3x3 X4X5 + Xe, 
Oxi xf — 18x03 X4 Xs + Ore xi + 8x3x5 — 3x; xi), 


3B(Qs.6) = K[xs]. 


A lexception de 3(Qs,s), ces algébres sont des algébres de polynémes dont le 
tableau précédent donne des générateurs algébriquement indépendants. L’algébre 
3(Qs,5) n'est pas une algébre de polynémes. 


Démonstration. Pour toute algébre de Lie g, nous désignerons par S(g) 
l'algébre symétrique de l’espace vectoriel g, dans laquelle g opére par des 
dérivations prolongeant les opérateurs de la représentation adjointe. Nous 
noterons (gq) la sous-algébre de S(g) formée des éléments annulés par g. Les 
éléments de $(g3) sont les éléments f de S(qg;) satisfaisant aux équations 
suivantes: 


[x1, x2] f’2, + [x1, xa] f’s, = [x2, xi] f’s, + [x2, Xs] f’sr, = [x3, xi] f’s, + [xs, x2] f’s, = 0, 
qui se réduisent a 
La = Sian = 0 
Donec $(g3) = K[x;]. L’application canonique de $(g;) sur 3(g3) est ici un 
isomorphisme, et 3(g3) = K[xs]. 
Pour $(g.4), nous avons le systéme d’équations 
X3f'r, + Xa f'r, — x3 f's, == xaf's, = 0. 
Il est clair que x4 € S(gs) et que 2xex, — x3? € ¥(qa). Soient 5; = Kxu, 
be = Kug + Kxs, b3 = Kuy + Kx; + Kxo, qui forment une suite croissante 
d’idéaux de gy. Les équations précédentes montrent facilement que 
0 ¥ 3(gs) O S(b1) = F(Gs) O S(b2) FH F(Gs) A S(Hs) = F(a). 


Appliquons le lemme 3 de (3), od on considére g comme I'algébre de Lie 
abélienne sous-jacente 4 g4, munie de l’algébre de Lie des dérivations intérieures 
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de gs. On voit que x4 et 2xax, — x, sont des éléments algébriquement indé- 
pendants engendrant le corps des fractions de ¥(g,), et que 


¥ (Gs) C K[x4, 2x2 x4 — x35, x4]. 
Soit f € (gs). On a donc 
f= xe [xige txt git... + go) 
ol gr, Zr-1,---, 20 © K[2x2 x4 — x;*]. Si s > 0, go est divisible par x,. Con- 
sidérant dans go les termes en x3, on en conclut que go = 0. Donc 
f= xe eg, + xl gia +... + gil. 


Recommengant le raisonnement de proche en proche, on arrive au cas od 
s = 0, ce qui prouve que 
r 2 
i € K[x,, 2x2 ie x3). 


Donc 3 (qs) = K[x4, 2x2 x4 — x37]. Comme 6; est abélien, l’application cano- 


nique de $(g4) sur 3(g4) est un isomorphisme, et 3(g.) = K[x4, 2x2 x4 — x;°]. 
Pour @5,1, @s,3, s,s, nous avons les systémes d’équations 
Xf'rs — xsf's; nas Xsf'r = = Xef's, - 0, 


Xaf' rs + Xsf' sr, == xaf's, + Xsf'rs = Xsf'r = xsf 2, _ 0, 
Xaf'rs + Xap rs + Xsf's, alee Xaf's, + Xef's5 — Xaf's, — Xsf'rs - Xef's, = 0, 
qui donnent dans les trois cas $(g) = K[xs], 3(q) = K[xs]. 
Pour 5,2, on a le systéme 
Xaf'rs + Xsf'rs == Xaf's, = Xsf's, = 0. 


Il est clair que %%4 € ¥(qs.2), Xs a ¥(as.2), XeoX5 — X39 Xs c %¥(@s.2). Soient 
bi = Kxs, bo = Kus + Kua, bs = Kus + Kug + Ks, by = Kus + Kuy + Ky 
+ Kxe, qui forment une suite croissante d’idéaux de g5,2. On a 


0 ¥ $(a5,.2) 01 S(b1) ¥ S(Gs,2) A S(b2) = F(gs,2) 1 S(bs) 
~ ¥(a5.2) OO S(bs) = ¥(Gs,2). 
Raisonnant comme pour Q4, On voit que X5, X4, X2X%5 — Xsx4 sont des générateurs 
algébriquement indépendants du corps des fractions de $(Qs5,2), et que 
3 (Qs,2) C K[x4, x5, x2%5 — X3 X4, x5 J; 


on voit ensuite qu’en fait $(gs,2) = K[x«, xs, xoxs — xsx4]. Comme by, est 
abélien, l'application canonique de %(g5,2) sur 3(@s,2) est un isomorphisme, 
et 

3(Qs,2) = K[x4, x5, Xox%5 — X5x,)]. 


Pour Qs,4, on a le systéme 
Xaf ‘rs + Xaf rs — Xaf'r, + Xsf ‘rs =~ Xaf's, —z Xf x2 = 0. 


Il est clair que x4 € $(@s.4), 5 © H¥(Qs4), Zrixs — 2roxg + x3? © F(Qs.4). 
Soient 
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bi = Kxs, bo = Kus + Kua, bs = Kus + Kug + Kes, by = Kus + Kx, 
Kx; + Kx2, 


qui forment une suite croissante d’idéaux de gs 4. On a 


0 ¥ S(a5.4) 1 S(b1) ¥ S(Gs5.4) O Sb) = F(G5.4) OO S(bs) 
= Fas.) OO S(hs) + %¥(Gs.4). 


Les mémes méthodes que précédemment montrent que $(@s,4) = K[x4, xs, 
2x1X5 — 2x2xX4-+ x37]. Les images canoniques dans U(Q5,4) de x4, Xs, 2x1%5 — 2xox, 
+ x3" (considérés comme éléments de S(q5.4)) sont x4, %5, 2x1%5 — Z2xox, + x; 
(considérés comme éléments de U(gs,4)). J’ignore si l’application canonique 
de $(@s,4) sur 3(@s,4) est un isomorphisme. Mais nous allons voir cependant 
que 4, x5, 2x ys — 2xox, + x3” engendrent 3(Qg5.4), par un raisonnement 
applicable 4 toute algébre de Lie et certainement connu (il m’a été, en tous 
cas, signalé il y a longtemps par H. Cartan). Soit a € 3(gs5,4), et montrons 
que 
a € K[x«, xs, 2x1 x5 — 2x2 xq + x3). 

Nous supposerons ce point établi pour les éléments de 3(g5,4) dont la filtration 
(dans U(gs,4)) est strictement inférieure a la filtration nm de a. Soit f l'image 
canonique de a dans %$(g5,4). On a 

f = Dy Ay x xh! (Qi xy — Qa xg + x3)” 
avec m, +; + p; < m pour tout 7. Donc a est congru, modulo les éléments 
de U(qs,4) de filtration < n, a 

Dy Ay xo? xg! (Qxy xy — Qo xy + x5)”, 

(calculé dans U(gs4)). Alors, 

@ — Ly dj xe! x5! (2x1 x5 — x2 xq + x5)” 
est un élément de 3(@s,4) qui appartient a K[x4, x5, 2xixs — 2xox4 + x37] 
d’aprés l’hypothése de récurrence. D’od notre assertion. Ainsi, 

B(Qs.4) = K[x4, x5, 2x1 x5 — 2x2 x4 + x3], 
et x4, X5, 2x1x%5 — 2xoxq + x3” sont algébriquement indépendants d’aprés le 
lemme 3 de (3). 

Pour Qs,5, on a le systéme 


Xaf'ss + Xaf'ss + en = Xaf's, = Xaf's, — = Xsf's, = 0. 
Ce cas est essentiellement traité dans (8, p. 244), mais nous allons procéder 
directement. On vérifie que 
Xs € 3 (Gs,5), 
fi = Qxwvg — x4 E J(Gs.5), 
fa = Bxaxg — Bxscers + xi € F(G5.s). 


Soient bi = Kxs, be = Kx; ~ Kx, bs = Kx; + Kx, a Kx3, ha = Kx; a Kx, 
+ Kx; + Kx2, qui forment une suite croissante d’idéaux de gs5,5. On a 
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0H ¥(a5,.5) 1 S(b1) = F(G5.s) OA She) + ¥(Gs.5) OV S(bs) 
 3¥(as.s) 1 S(bs) = F(Gs.5). 
Donc xs, fi, f2 sont des générateurs algébriquement indépendants du corps 
des fractions de $(q5,5), et ¥(@s,s) C K[xs, fi, fe, xs~']. Soit 
fa = x5 (fit fa) = Oxxs — 18xaxscers + Grort + Sxixs — Bxixt C B(Gs.s). 


Nous allons montrer que $(Qs5,s) = K[xs, fi, fe, fs]. Nous aurons besoin pour 
cela du lemme suivant: 


LEMME 1. Soit P un polynéme a 3 variables X, Y, Z, a coefficients dans K. 
Si P(fi, fo, fs) est divisible par x5, P(X, Y,Z) est divisible par X* + Y*. 


En effet, soit a l’idéal de S(gs5,s) engendré par x5. Identifions canoniquement 


S(gs,s)/a A S(Kx, + Kx. + Kx; + Kx,). Les images canoniques de fi, fs, fs 
dans S(qs,s)/a sont 


—x¢ xi, 3xi(Qxaxq — x3). 
D’aprés I'hypothése du lemme, P(— x4’, x4’, 3x42(2xox4 — x3")) est identique- 
ment nul. Soit 
P(X, Y, Z) = Z'P,(X, Y) + Z""P,-4(X, Y) +... + PolX, Y). 
Considérant les termes en x3, on voit que 
P,(— xi, x4), Pra(— xi, x4),..., Po(— xi, x4) 


sont identiquement nuls. Donc P,(X, Y),...,Po(X, Y) s’annulent sur la 
courbe d’équation X* + Y? = 0 (dans une cléture algébrique de K), et par 
suite sont divisibles par X* + Y*. Donc P(X, Y, Z) est divisible par X* + Y”. 

Revenons a la situation qui précéde le lemme 1. Nous allons montrer que 
si un élément de K[xs, /i, fe, fs] est divisible par x5" (s entier > 0), son quotient 
f par x;* appartient 4 K[xs, f:, fe, fs]. Ecrivons en effet 


f = xs"[xige + x5 git... + gol 
ou gr, Zr-1,.--+, Zo appartiennent a K[/fj, fe, fs]. Si s > 0, go est divisible par 
xs. D’aprés le lemme 1, go = (f13 + f2*)go’ = xs*fago’, avec go’ € K[fi, fe, fa]. 
Donc 
f = x5 [xt gs + xd ga +... + x5(ge + fags) + gil. 
Recommengant le raisonnement de proche en proche, on arrive au cas od 
s = 0, ce qui prouve que 


fe K[xs, fi, fe, fa]. 


En particulier, tout élément de K[xs, f1, fe, xs~'] qui est un polynéme, donc 
tout élément de $(gs5.s), appartient 4 K[xs, fi, fe, fs]. Donec S(gs,s) = K[xs, 
fi, fe, fs]. Comme b, est abélien, l’application canonique de %(g5,s) sur 3(Qs,5) 
est un isomorphisme, et on a 

R(gs.s) = K[xs, 2xaxg — xi, Bxaxg — Bxgxaxs + x4, 
Oxsx5 — 1Sxarexgxs + Oxoxi + Sxixs — 3x5xi]. 
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Enfin, K[xs, f1, f2] et son corps des fractions sont respectivement isomorphes 
a K[X, Y, Z] et K(X, Y, Z) (X, Y, Z désignant des indéterminées). Comme 
fs = xs-*(fi® + fo”), on voit que Y(gs,s) est isomorphe a K[X, Y, Z, X-* 
(Y*? + Z*)], c’est-a-dire 4 l’anneau des fonctions réguliéres sur la variété 
d’équation 7X? = Y* + Z?* dans l’espace affine K'. Or cette variété n'est 
pas biréguliérement isomorphe a un espace affine puisqu’elle posséde un point 
singulier a l’origine. Donc $(g5,s), et par suite 3(@s,s), ne sont pas isomorphes 
a des algébres de polynémes. 


3. Groupes de Lie nilpotents simplement connexes de dimension 
< 5. Supposons désormais K = R, et cherchons les groupes de Lie (réels) 
nilpotents simplement connexes de dimension < 5. Sig = g’ X g”, et si , I’, P”’ 
sont les groupes de Lie simplement connexes correspondant a g, q’, 9”, ona T = 
I’ X I’. Il nous suffit donc de chercher les groupes T;, Ts, Ts, Ts,..., Ts, 
correspondant A gu, Gs, G4, Gs.1,---» s,s. Il est clair que T'; est isomorphe a R. 

Pour construire I;, nous cherchons d’abord des formes différentielles 
linéairement indépendantes w;, we, w; de degré 1, a 3 variables p:, po, ps, 
vérifiant les équations de Maurer-Cartan qui sont ici 


dw = (0, dw, = 0, dw; = waiA We. 


On peut prendre w; = dpi, w2 = dp2, ws; = pidp2 + dps. La loi de groupe 
s’obtient alors en intégrant les équations dp,’ = dpi, dps’ = dps, pi'dps’ + dp,’ 
= pidp2 + dp;, d’ou facilement 
i =nt or, p2 = p2 + on, ps = ps + os — pre. 
Donc 
(1) (01, 72, 03) « (p1, p2, ps) = (91 + 01, p2 + 2, ps + 73 — pag). 
Les calculs étant purement mécaniques, nous nous contentons de les résumer 
pour les autres groupes. 
Cas de T. 
dw = 0, dw. = 0, dw; = W@W) A We, du = @1 A @3, 
w: = dpi, w:=dp2, ws = pidps+dps, ws = tpidp2 + pidps + dp, 
(2) (1, o2, 3, 74) « (91, pa, Ps, pa) 
= (p1 + 01, p2 + 02, ps + 63 — p21, ps + 04 — pao + 4201). 
Cas de T 5,1. 
dw, = 0, dw2=0, dw; =0, dw, = 0, 
dws = w1 A we + wsA ws, 
ao, = dp, ao. = dp2, a3 => dp;, on = dps, o> pidp2 + psdp. + dps 
(3) (oi, 72, 73, G4, O5) . (p1, P2, P3, PP, ps) 
- (p1 + o1, p2 + o2, ps + 03, pa t+ o4, ps + o5 — pooi — pads). 
Cas de T's,2. 
dw, = 0, dw2=0, dw; = 0, dws = wih we, dws = wid w3, 
@: = dp, we =dpr, ws = dps, ws = pidp2+ dps, ws = pidps + dps, 
(4) (01, 72, 73, 74, 05) « (p1, P2, Ps, Ps, Ps) 
= (91 + 01, p2 + o2, ps + o3, pa + o4 — pati, ps + os — pai). 
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Cas de T's,3. 


dw, = 0, dw2=0, dws =0, dwg = A wo, dws = w A wy + 2 A ws, 
@, = dpi, w2=dpx, ws = dps, ws = pidp2 + dp, 
ws = podps + pidps + 4pidps + dps, 
(5) (1, 72, 3, 74, 5) - (Pi, D2, Pa Pa, Ps) 
= (p1 + 01, p2 + 2, ps + 3, pa + 4 — p20, ps + 5 — pate —Ipwi 
+ 4p203). 
Cas de T'5.4. 
do, = 0, dw2=0, dw3 = wi A ws, doy =o A ws, dws = w2 A ws, 
w: = dpi, w2= dps, ws = pidp2+ dps, ws = $pidp2 + pidps + dou, 
a= prdps + dps, 
(6) (01, O2, 63, 74, 75) - (1, P2, Pa, Pay Ps) ; 
= (p1 + 1, p2 + 2, ps + os — par, pa + O4 — par + $201, ps + os 
+ 4p201 — pso2 + p2002). 
Cas de T's 5. 
do, = 0, dw2=0, dws = wi A w2, dwg = wi A ws, dws = w1 A wi, 
w: = dpi, w2 = dpx, ws = pidp2+ dps, ws = tpidp2 + pidps + dpu, 
’ ws = kpidps + 4pidps + pidps + dps, 
(7) (o1, 2, 73, 74, 5) - (p1, P2, Ps, Pas Ps) : 
-_ (p. + a1, p2 + o2, ps + 03 — P21, pa tog p20 — p371, 
ps + os — bpsoi + 4ps01 — pao). 
Cas de T's.¢. 
dw, = 0, dw. = 0, dw; = w A ws, dw, = w1 A ws, dws = 1 A we + we A wz. 
w, = dpi, we = dps, ws = pidp2+ dps, ws = 4pidp2 + pidps + dpa, 
ws = kpidpe + 4pidps + prdps + podps + dps, 
(01, 62, 72, o4, 5) . (p1, p2, Pa, Pay Ps) 
(8) = (91 + 01, p2 + om ps + os — poor, pa + 04 + 4p20i — pa, 
ps + os — boas + 49301 — paoit 49201 — pasos + pro»). 


Dans ce qui suit, nous allons déterminer les représentations unitaires irré- 
ductibles des groupes I's, Ts, Ts,1,..., I's,s, et la formule de Plancherel pour 
ces groupes. La classification des représentations unitaires irréductibles pour- 
rait se faire en utilisant la théorie de Mackey (5), mais nous utiliserons 
systématiquement (3). Notons aussi que la classification des représentations 
unitaires irréductibles de T; et T's, a été faite par von Neumann (6), et que 
la formule de Plancherel pour [; est due 4 Godement (4). 


4. Représentations unitaires irréductibles de [';. Nous utilisons la table 
de multiplication de g; donnée au paragraphe 1. Soient 6 = Rx;, A le sous- 
groupe correspondant de I;, qui est a la fois le centre et le groupe des com- 
mutateurs de Is. 

D’aprés la proposition 2, et le lemme 15 de (3), il y a correspondance 
biunivoque entre les caractéres hermitiens x de 3(g3) et les nombres réels X. 
Cette correspondance est définie par la formule x(x3) = iA. 
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PROPOSITION 3. (i) Pour tout nombre réel \ ~ 0, il existe une représentation 
unitatre irréductible U, de T; et (@ une équivalence pres) une seule dont le carac- 
tére prend la valeur id en x3. La représentation U, opére dans Lc?(R), l'ensemble 
des vecteurs indéfiniment différentiables est S (R). On a 


(9) Uy (x1) = Dy Uy (x2) = AM, Uy (x3) = 2A. 

Si y est l'élément de T; de coordonnées (pi, p2, ps) et st f € Le?(R), on a 
(10) (Ua(y)f) (0) = fexp id(ps — p:6)] f (6 + pi). 

Si F€ Le'(Ts) \ Le?(Ts), on a 


(11) J.\Pontay = franc) rian. 


(ii) Il existe une infinité de représentations unitaires irréductibles de T;, deux 
@ deux non équivalentes, dont le caractére prend la valeur 0 en x;. Ce sont les 
représentations triviales sur A; elles s'identifient donc aux représentations uni- 
taires de dimension 1 du groupe abélien T;/A. 


Démonstration. Soient 6’ = Rx; + Rxe, qui est un idéal abélien de g;, et 
A’ le sous-groupe correspondant de T';. Appliquons le lemme 24 de (3) a Ts; 
et A’; on peut prendre dans ce lemme a; = x3, d2 = X2, @ = 1, 6 = x3. On 
voit que x; est classifiant pour g3. Si \ ¥ 0, il existe une représentation unitaire 
irréductible U, de T; et (A une équivalence prés) une seule dont le caractére 
prend la valeur iA en x3; compte tenu des lemmes 23 et 24 de (3), Uy est 
induite par n’importe quelle représentation unitaire de dimension 1 de A’ 
dont le caractére prend la valeur i\ en x3, par exemple par la représentation 
dont le caractére prend les valeurs 7, en x; et 0 en x2. D’aprés les lemmes 29 
et 31 de (3), U, opére dans L,*?(R), l'ensemble des vecteurs indéfiniment 
différentiables pour U, est S(R), et on a les formules (9). La formule (10) 
résulte de la définition des représentations induites et du calcul suivant: 


(0,0, 0) (p1, p2, ps) = (8 + pi, p2, ps — Op2) = (0, p2, ps — Op2) (@ + pi, 0, 0). 


Maintenant, utilisons, dans (3), la partie 2° de la démonstration du théoréme 
4. On peut y prendre gq = 1, a; = x3, @2 = X2, b = x3, F’ = 1, Ri(As) = At. 
D’od la formule (11). Enfin, la partie (ii) de l’énoncé est évidente. 


5. Représentations unitaires irréductibles de T,. Nous utilisons la 
table de multiplication de g, donnée au § 1. Soient 6 = Ray, 6’ = Rx, + Rx, 
A et A’ les sous-groupes correspondants de I,. Alors A est le centre de T, et A’ 
est le groupe des commutateurs de I. 

D’aprés la proposition 2, et le lemme 15 de (3), il y a correspondance 
biunivoque entre les caractéres hermitiens x de 3(q,) et les couples (A, uw) de 
nombres réels. Cette correspondance est définie par les formules x(x4) = A, 
x (2x2 Xq — Xs") = pw. 
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PROPOSITION 4. Soient \ et u des nombres réels. 

(i) Si \ #0, al existe une représentation unitaire irréductible U,, de T, et 
(@ une équivalence pres) une seule dont le caractére prend la valeur id en x, et 
la valeur u en 2xox, — x;*. La représentation U,, opére dans L,*(R). L' ensemble 
des vecteurs indéfiniment différentiables est S(R). On a 


(12) Uy ,4 (x1) = D,, Uy. 5 (x2) s=- si + 4idMi, Uy, p(x) = iAM;, 
Uy, p (x4) = ir. 
Si > est élément de T, de coordonnées (1, p2, ps, ps), et si f € Le?(R), on a 
(13) (Ui.u(y)f)(@) = [exp i(-— 45 ps + Ap, — Aps + 4Ap2 8”) ]/(0 + 1). 
Si FE Lo'(Ts) OO Le?(Ts), on a 
(14) fo eonter= ff ru... ardn. 
r, e AO 


(ii) SiX = 0 et uw < 0, il n’ existe aucune représentation unitaire irréductible 
de 1, dont le caractére prend la valeur id en x4 et w en 2x2x4 — x3". 

(iii) StAX > 0 et uw > O, il existe (A une équivalence pres) deux représentations 
unitaires irréductibles de 1, dont le caractére prend la valeur id en x, et u en 
2xox4 — x3". Ces représentations sont triviales sur A, donc (comme T/A est 
isomorphe a T;) s'identifient a des représentations de T;, 2 savoir les représenta- 
tions notées Us, dans la proposition 3. 

(iv) Si X = w» = 0, il existe une infinité de représentations unitaires irré- 
ductibles de 1,4, deux a deux non équivalentes, dont le caractére prend la valeur 
ih en x4 et wp em 2x2x4 — x3". Ce sont les représentations triviales sur A’; elles 
s'identifient donc aux représentations unitaires de dimension 1 du groupe abélien 
T,/A’. 


Démonstration. Soient 6’ = Rx, + Rx; + Rx2, qui est un idéal abélien de 
gs, et A” le sous-groupe correspondant de I'y. Appliquons le lemme 24 de 
(3) a T, et A”; on peut prendre dans ce lemme a; = x4, @2 = 2x2x4 — x;’, 
a3; = x3, a = 1, b = x4. On voit que x, est classifiant pour gs. Si A # 0, il 
existe une représentation unitaire irréductible U,,, de I’, et (A une équivalence 
prés) une seule dont le caractére prend les valeurs 1A en x, et uw en 2x9x4 — x37; 
compte tenu des lemmes 23 et 24 de (3), U,,, est induite par n’importe quelle 
représentation unitaire de dimension 1 de A” dont le caractére prend les 
valeurs iA en x, et uw en 2xex, — x3”, par exemple par la représentation dont 
le caractére prend les valeurs 7A en x4, 0 en x; et — }iu/A en x2. D’aprés les 
lemmes 29 et 31 de (3), Uy, opére dans Le?(R), l'ensemble des vecteurs 
indéfiniment différentiables pour U,, est (R), et on a les formules (12). La 
formule (13) résulte da la définition des représentations induites et du calcul 
suivant: 


(8, 0, 0, 0) (p1, P2, Ps, ps) = (0 + Pi, P2, P3 — Ope, et Ops + 4672) 
= (0, p2, ps — Op2, pa — Ops + 46702) (0 + pi, 0, 0, 0). 
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Soit U’,,,,,, une représentation unitaire de dimension 1 de A” dont le carac- 
tére prend les valeurs 7A en x4, in’ en x3, iv en x2. Soit F’ € Le'(A”) (\ Lg?(A”). 
D’aprés la formule de Plancherel ordinaire, on a pour un bon choix de dé 


J rere = 2 f tr(Uhy FUL wo FP ))Ardw' de. 


Soit uw la valeur en 2xox4 — x3? du caractére de U’,,,,. Onaw = — 2dp’ + v’, 
donc yu’ = (vy? — w)/2 pour A ¥ 0. Donc 








sur (8)| dé = 2 f trae F )* Uj. 7») an, 0 F )) 


Maintenant, utilisons, dans (3), la partie 2° de la démonstration du théoréme 
4. On peut y prendre g = 2, a; = X4, dp = 2xXoxq — x3", G3 = Xs, D = Xu, 
F’(A, w) = 1/A, Ri(A, w) = A. On obtient la formule (14) pour un choix con- 
venable de la mesure de Haar dy. 

Soit U une représentation unitaire irréductible de I, dont le caractére 
s’annule en x,. Alors, U est triviale sur A, donc s’identifie 4 une représentation 
unitaire irréductible de T',/A qui est isomorphe 4 T;. On a U(2xox4 — x3") = 
— U(x;)*, et U(xs) est un opérateur scalaire imaginaire pur. Alors, (ii) est 
immédiat et (iii) résulte de la proposition 3. Enfin, (iv) est immédiat. 


1 
Dr dddudb>. 


6. Représentations unitaires irréductibles de [;,. Nous utilisons la 
table de multiplication de gs, donnée au § 1. Soient h = Rx; et A le sous- 
groupe correspondant de I';;. Il y a correspondence biunivoque entre les 
caractéres hermitiens x de 3(gs,:) et les nombres réels \. Cette correspondance 
est défini par la formule x(x5) = 2\. 


Proposition 5. (i) Pour tout nombre réel \ # 0, il existe une représentation 
unitaire irréductible U, de T'5,, et (@ une équivalence pres) une seule dont le 
caractére prend la valeur id en xs. La représentation U, opére dans L,?(R?). 
L’ ensemble des vecteurs indéfiniment différentiables est S (R*). On a 


(15) Uy(x1) = Di, Uy(x2) = 1AMy, Uy(xs) = De, Ux(x4) = 1A Me, Uy(xs) = Od. 
Si y est l' élément de 1'5,, de coordonnées (p1, p2, ps, ps, ps), et sif € Le?(R*), on a 
(16)  (Uy(y)f) (61, 62) = [exp iA(os — p2 01 — paBe)]f(01 + pi, 02 + ps). 

Si FE Le'(Ts.1) OV Le?(T's.1), on a 


(17) J. |For) ley = J rcauyna. 


(ii) Il existe une infinité de représentations unitaires irréductibles de T'5,1, 
deux a@ deux non équivalentes, dont le caractére prend la valeur 0 en xs. Ce sont 
les représentations triviales sur A; elles s'identifient donc aux représentations 
unttaires de dimension 1 du groupe abélien T'5,/A. 
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Démonstration. Soit hb’ = Rx; + Rx, + Rx; + Rxe, qui est un idéal de gs, 
isomorphe a g; X (Rx2). Soit A’ le sous-groupe correspondant de I’s,;. Appli- 
quons le lemme 24 de (3) 4 T';,, et A’; on peut prendre dans ce lemme a; = Xs, 
dz = Xx, @ = 1, b = xs (compte tenu de la proposition 3). On voit que x5 
est classifiant pour gs5,1. Si \ # 0, il existe une représentation unitaire irré- 
ductible U, de I's, et (A une équivalence prés) une seule dont le caractére 
prend la valeur 7A en xs. Cette représentation est induite par n’importe quelle 
représentation unitaire irréductible de A’ dont le caractére prend la valeur iA 
en xs. Nous considérerons par exemple la représentation triviale sur le sous- 
groupe A” de A’ correspondant 4 Rx2; comme A’/A” est isomorphe a Ts, ceci 
détermine parfaitement la représentation considérée. Les formules (15) et les 
assertions qui les précédent s’établissent alors en utilisant les mémes références 
que pour la proposition 3. La formule (16) résulte du calcul suivant: 


(8, 0, 0, 0, 0) (p,, P2, P3, Pd, ps) = (0 + Pi, P2, Ps, P4, PS — Op2) 
- (0, P2, Pd, P4, P&S — 9p2) (6 + Pl, 0, 0, 0, 0). 


Utilisons, dans (3), la partie 2° de la démonstration du théoréme 4. D’aprés 
la proposition 3, on a F’(A) = \. D’autre part, Ri(A) = A. D’od (17). La 
partie (ii) de l’énoncé est évidente. 


7. Représentations unitaires irréductibles de I». Nous utilisons la 
table de multiplication de gs,2 donnée au § 1. Soient h = Rx, + Rxs, et A le 
sous-groupe correspondant de I's», qui est a la fois le centre et le groupe des 
commutateurs de I's». Il y a correspondance biunivoque entre les caractéres 
hermitiens x de 3(@s5,2) et les systémes (A, u, v) de nombres réels. Cette corre- 
spondance est définie par les formules 


x (x4) = 1A, x(xs) = im, X(X2x5 — XsX4) = v. 


PROPOSITION 6. Soient \, wu, v des nombres réels. 


(i) Sik #0 ou pw ¥ O, il existe une représentation unitaire trréductible Uy,» 
de T's.2 et (@ une équivalence pres) une seule dont le caractére prend les valeurs 


‘id en X4, ip EM Xs, v EN XoxX5 — XaxX4. Elle opere dans Le?(R). Les vecteurs in- 


définiment différentiables sont ceux de S(R). On a 


(18) Ur.n.o(%1) = Ds, Urp.0(%2) = — iy + 1AM, 
+4 
Uy, u,»(%3) = in 3+ wM;,, Uy, »(%4) = 1h, Uy, »(%s) = iy. 
+4 


Si y est l' élément de T's.2 de coordonnées (1, p2, ps, ps, ps), et sif € Le?(R), ona 


(19) (Ua. 0 )f) (0) 


- | exp (> rer ds + (ps — po) + wlps — vi) | + p1). 
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Si F € Le (T 5,2) OO Le?(Ts,2), on a 
20) fray = fff tra n(P*Uin AP) AAdnd. 


24420 
(ii) ScX = wp = O et v ¥ O, il n' existe aucune représentation unitaire irréduc- 
tible de T's,2 dont le caractére prend les valeurs id en x4, ip en Xs, V EN XoXy — XsXq. 
(iii) Si A = p = v = O, il existe une infinité de représentations unitaires 
irréductibles de 15.2, deux a@ deux non équivalentes, dont le caractére prend les 
valeurs id en X4, ip eM Xs, Vv EM XeX5 — XsxX4. Ce sont les représentations triviales 


sur A; elles s’identifient aux représentations unitaires de dimension | du groupe 
abélien Ts.2/A. 


Démonstration. Soient bh’ = Rx; + Rx, + Rx; + Rx2, qui est un idéal 
abélien de gs.2 et A’ le sous-groupe correspondant de I's». Supposons d’abord 


un * 0. Appliquons le lemme 24 de (3) a I's,2 et A’; on peut prendre dans ce 
lemme 


@, = Xs, G2 = %4, Gs = XX — X3Xs4, Ge = X3, A=1, b= x5. 


On voit qu’il existe une représentation unitaire irréductible U,,,,, de I's,» et 
(A une équivalence prés) une seule dont le caractére prend les valeurs 7A en 
X4, I CN Xs, v EN XexXs — Xzx4. Cette représentation est induite par n’importe 
quelle représentation unitaire de dimension 1 de A’ dont le caractére prend 
les valeurs 7A en x4, iu en X5, v EN X2xX5 — X3X4; nous considérerons par exemple 
la représentation unitaire de dimension 1 de A’ dont le caractére prend les 
valeurs 


Aen xX, tenx ix —yenx:, i ae en x 
1 , , — re r an ’ as oe > ad 
4 Mu 5 Nt + py 2 7 + ue 3 
Les formules (18) et les assertions qui les précédent s’obtiennent alors en 
utilisant les mémes références que pour la proposition 3. En particulier, pour 
= 0 (et toujours »p ~ 0), on a 


Uonr(%1) = Diy Uou.o(e2) = — i 7, Unno(ts) = inMi, Uoy.o(es) = 0, 
Uo.p.o(Xs) = ty. 

D’autre part, l’application linéaire de gs. sur gs,2 qui transforme x; en x, 
X2 EN X3, X3 EN Xo, X4 EN Xs, Xs EN X4, est un automorphisme de Qs 2. II existe 
donc une représentation unitaire irréductible U,.o,, de T's,2 et (A une équiva- 
lence prés) une seule dont le caractére prend les valeurs 0 en x5, iA en Xa, 
vy €N XoX5 — X3X4; cette représentation est induite par la représentation unitaire 
de dimension 1 de A’ dont le caractére prend les valeurs 0 en x5, iA en X4, 
iv/X en x3, 0 en x2. Cette représentation opére dans L,¢?(R), les vecteurs 
indéfiniment différentiables sont ceux de /(R), et on a 


Us.0.»(%1) = Ds, Un.o.o(x2) = 1AM, Us,0,»(xs) = i 


\’ Uy,0,»(x4) = 1A, 


Uy.0. (Xs) = 0. 
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On voit donc que les formules (18) et les assertions qui les précédent sont 
valables sous la seule hypothése que \? + yu? # 0. La formule (19) résulte du 
calcul suivant: 


(8, 0, 0, 0, 0) (p, P2, Ps, PA, ps) ™ (6 + Pi, P2, Ps, Pa — p2, |) p30) 
- (0, P2, Ps, Pa — p26, Ps — p39) (0 + Pl, 0, 0, 0, 0). 


Dans (3), partie 2° de la démonstration du théoréme 4, F’(A, wu, v) = 1/p et 
Ri(a, uw, v) = wu. D’od (20). Les parties (ii) et (iii) de l’énoncé sont évidentes. 


8. Représentations unitaires irréductibles de I. Nous utilisons la 
table de multiplication de gs; donnée au § 1. Soient § = Rxs, 6’ = Rx; + Rx,, 
A et A’ les sous-groupes correspondants de I; .;. Alors A est le centre de Ts; 
et A’ est le groupe des commutateurs de I’;,;. Il y a correspondance biunivoque 
entre les caractéres hermitiens x de 3(gs5,:) et les nombres réels \. Cette corres- 
pondance est définie par la formule x(xs5) = iA. 


PROPOSITION 7. (i) Pour tout nombre réel \ # 0, il existe une représentation 
unitaire irréductible U, de Ts,3 et (@ une équivalence pres) une seule dont le 
caractére prend la valeur ix en xs. Elle opére dans Le*(R*). L’ensemble des 
vecteurs indéfiniment différentiables est S(R*). On a 


(21) Uy(x1) = Dy, Uy(x2) = De + hinMi, Uy (x3) = 1AMz, 
Uy (x4) = inM,, Uy (xs) = 1X. 


Si > est I’ élément de T's,3 de coordonnées (p1, p2, ps, ps, ps), et si f € Le?(R*), ona 


(22) (Ui(y)f) (4, 62) = [exp id(ps — pi + hpi = po) f(A + pi, 92 + po). 
Si F € Le'(T s,s) C\ Le?(T's,3), on a 


(23) S JF) "dy = J wcacyraceyn'an 


(ii) Il existe une infinité de représentations unitaires irréductibles de 5.3, 
deux a deux non équivalentes, dont le caractére prend la valeur 0 en xs. Elles 
s'identifient aux représentations unitaires irréductibles du groupe 15,3/A, qui 
est isomorphe ad T; X R. Compte tenu de la proposition 3, elles se partagent en 
deux séries, suivant qu'elles sont ou non triviales sur A’. 


Démonstration. Soient §’’ = Rx; + Rx, + Rx; + Rxe, qui est un idéal de 
Qs,3, et A” le sous-groupe correspondant de I;.3. L’algébre ”’ est isomorphe 
a (Rx. + Rx; + Rxs) K Rx,, et Rx. + Rx; + Rx; est isomorphe a g;. Appli- 
quons le lemme 24 de (3) a I's,; et A’; on peut prendre dans ce lemme a; = Xs, 
a2 = x4, a= 1, 6 = «xs. Pour \ #0, il existe une représentation unitaire 
irréductible U, de I's,; et (A une équivalence prés) une seule dont le caractére 
prend la valeur iA en xs. Cette représentation est induite par n’importe quelle 
représentation unitaire irréductible de A”’ dont le caractére prend la valeur 
id en Xs, par exemple |’unique représentation unitaire irréductible de A’’ dont 
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le caractére prend les valeurs iA en x; et 0 en x4. Les formules (21) et les 
assertions qui les précédent s’établissent alors en utilisant les mémes références 
que pour la proposition 3. La formule (22) résulte du calcul suivant: 


(8, 0, 0, 0, 0) (p1, P2, Ps, PA, Ps) - (@ + Pi, P2, P3, Pas — Ope, a= Ops + $07 p2) 
= (0, pe, ps, pa — Op2, ps — Op, + $67%p2) (8 + pi, 0, 0, 0, 0). 


Avec les notations de (3), partie 2° de la démonstration du théoréme 4, on a 
F’(A) = A, Ri(A) = A. D’od (23). La partie (ii) de l’énoncé est évidente. 


9. Représentations unitaires irréductibles de [;,. Nous utilisons la 
table de multiplication de gs donnée au § 1. Soient § = Rx; + Rx,, 
hb’ = Rx; + Rx, + Rx;, A et A’ les sous-groupes correspondants de I's... 
Alors, A est le centre et A’ est le groupe des commutateurs de T's. Il ya 
correspondance biunivoque entre les caractéres hermitiens x de 3(Q@s.4) et 
les systémes de nombres réels X\, u, v. Cette correspondance est définie par les 
formules x(xs) = 1A, x(xs) = im, x(2xixs — 2xoxg + x3") = v. 


PROPOSITION 8. Soient A, u, v des nombres réels. 

(i) Sic X #0 ow p #0, il existe une représentation unitaire irréductible 
Uy.4.» de 15,4 et (@ une équivalence pres) une seule dont le caractére prend les 
valeurs id en x4, i en Xs, v en 2x\xX5 — Worx, + x3". Elle opére dans Lg*(R). Les 
vecteurs indéfiniment différentiables sont ceux de S(R). On a 


nN : 4 ° 
Uy. 4, »(%1) aaliiiens hi i ot 2 5D, — tip(d” + p’) Mi, 


a az ¥ +u u 
oF 3D, + ind” + yu *) Mi, 
Uy. 5. »(x3) = io My M iy Uy.» »(X4) = ix, Uy, B. »(Xs5) = im. 


Si > est l' élément de l's5,4 de coordonnées (p1, p2, p3, ps, ps), et si f € Le?(R), ona 


(24) Uy. 4,»(X2) = 





seeetiainiadil [ex (- iy ? + 3 (up — Ap2) + Apa + ups 
(25) — ini (n2p3 + Bduptor + 3u%orp? — dup?) + (A? + n)0e0 + wp 20 
+ du(pi — 92) — 4(d* + w*)(upr — rvas’) |r( + 7+ att), 


” + 
St F € Le(T54) O Le? (Ts4), on a 


(26) f Fodiay = fff tr(Uy.y.»(F)*Uj...»(F))dddudr. 
T5,4 A242 <0 


(ii) StAX = p = 0 et v > O, il n’ existe aucune représentation unitaire irré- 
ductible de 15,4 dont le caractére prend les valeurs id en x4, iu en Xs, v en 2x4%X5 
= 2x 2X4 + x3". 

(iii) StAX = wp = Oetv < O, il existe (a une équivalence pres) deux représenta- 
tions unitaires irréductibles de 15,4 dont le caractére prend les valeurs id en x4, 
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ip en Xs, v en 2xyX— — WZoxy + x3". Ces représentations sont triviales sur A, et 
s'identifient a des représentations de 1'5,4/A, donc de 13; ce sont les représentations 
notées Ui,_, dans la proposition 3. 
(iv) Si X = yw =v =O0, il existe une infinité de représentations unitaires 
irréductibles de 5,4, deux @ deux non équivalentes, dont le caractére prend les 
valeurs 1h en X4, ip en Xs, v em QZxyX5 — Box, + x". Ces représentations sont 
triviales sur A’. Elles s’identifient aux représentations unitaires de dimension 
1 du groupe abélien T's .4/A’. ’ 


Démonstration. Supposons \ # 0 ou uw # 0. Soient 6’ = Rx; + Rx, + Rx; 
+ R(Ax: + ux2) qui est un idéal de gs, de dimension 4, et A” le sous-groupe 
correspondant de I's,4. L’algébre de Lie ’’ est isomorphe a 


(R(Ax; — ux2) + Rx; + R(Ax, + wxs)) X R(ux, — Axs), 


et R(Ax: + ux2) + Rx; + R(Ax, + uxs) est isomorphe a gs, avec R(Axy + ux) 
pour centre. Appliquons cette fois le lemme 21 de (3) a I's et A”, avec 


c 


X= pX; — AXe, Gy = ya (Aa + Xs), @ = QWxyxXg — QWxoxy + X5 


+4 


(on notera que 


9 
atin Y+e ((Axg + prs) (xr — Axe) — (Axi + wre) (ug — Avs)) + xs). 


La proposition 3 montre que ce qui est noté A dans le lemme 21 de (3) est 
ensemble des caractéres hermitiens de 3(6’’) non nuls en Axq + pxs. Le 
lemme 21 (iii) de (3) montre que Ax, + ux; est classifiant pour gs. En 
particulier, un caractére qui prend les valeurs iA en x4, iu en x5, v en 2x,Xx5 
— 2xox4 + x3? (donc la valeur i(\? + w*) # O en Axy + uxs) correspond a 
une représentation unitaire irréductible U,,,, de I's, et (A une équivalence 
prés) a une seule. D’aprés le lemme 21 (ii) de (3), cette représentation pro- 
longe une représentation unitaire irréductible U’ de A” dont le caractére 
prend les valeurs i(A? + u*) en Axq + uxs et 0 en wx, — Axs. D’aprés la pro- 
position 3, on peut supposer que U’ opére dans L¢*(R), que les vecteurs 
indéfiniment différentiables pour U’ sont les éléments de ./(R), et que 


U’ (Ax, + ux2) = Di, U’ (x3) = 1(\? + uw”) Mi, 
U’ (Axq + wxs) = 1(A2 + w*), U' (ux, — Avs) = O. 
Alors, U,,,, opére dans L,?(R), et, d’aprés le lemme 28 de (3), les vecteurs 
indéfiniment différentiables pour U,,,,, sont les éléments de .(R), de sorte 
que 
Uy y.e(Ax1 + ux2) = Di, Uy u.»(%3) = 4(A* + w*) Mi, 
Uy. y,»(Axg + xs) = 1(A? +”), Uny(uxs — Avs) = 0. 






Naturellement, Uj ,.,(xs) = tA, Uyy.»(%s) = iu. Par ailleurs, 
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= Uy», »(2xix5 — 2xoxy + x3°) 

= ee [Uy.5,7(uxer — Axe) Ua p.o(Axe + prs) — 

Uy.u.r(Ae1 + x2) Uy,p,»(uxe — dxs)] + Us», »(xs)” 

= NE? 80d" + w*)U an, (urer — Aare) — (0° + *)*MY? 

= 2iU),».»(ux1 — Axe) — (A* + w*)*M,’ 
d’ot 

Uys. ».2(ux1 — Axe) = — Fiv — F(A? + p”)?My’. 
On tire de la 
7 r 3 
Uy.n.0(%1) = — ft a, + Ya. D, — Fiv(\*? + w’)Mi 


Uy.p.2(X2) = a ey, + +, D,+ Lin(n? + yu) Mi 
ce qui prouve les formules (24). 

Cherchons Il’application exponentielle de g;,, dans I's5.4. La base (x1, x2, x3, 
%4, Xs) de Qs,4 admet pour base duale dans le dual de gs 4 le systéme de formes 
différentielles invariantes 4 droite sur I';,, obtenues au § 3. Si un élément 
de gs. a pour coordonnées (a, a2, a3, a4, a5), le sous-groupe a 1 paramétre 
correspondant de I';4 s’obtient en cherchant les solutions du systéme 


dpr_ dps dp2 , dps _ 
dt a), di Qe, pi di + dat a3, 
4p2 202 4 St pn S82 4. Ss as, 


qui s’annulent pour ¢ = 0. On obtient 
pi = aut, p2=art, ps = ast — farart’, 
pa = aut — Fanart’ + falas’, ps = ast — farst® + Jaron’. 
En particulier, exp usxs est le point de coordonnées (0, 0, 0, 0, us), et on a 
Uy.,7(€XP usXs) = exp (tuys); 
exp usr, est le point de coordonnées (0, 0, 0, us, 0), et on a 
Uy. u.»(EXp wax) = exp (tds); 
€Xp 3X3 est le point de coordonnées (0, 0, us, 0,0), et on a 
Uy ».»(eXp uss) = exp (7(A? + uw?) usM); 


exp w2(Ax; + wx2) est le point de coordonnées (Apo, wus, — Ammo”, ZA7 uu’, 
}\u*u2"), et on a 


Uy. »,.»(Exp w2(Ax1 + wx2)) = exp (u2D,); 
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€xp “1(ux1 — Ax2) est le point de coordonnées (ui, — Api, $rAumi®, — ru2n1?, 
$\7uu,*), et on a 

Uy.n.0(exp wi(uxr — Ax2)) = exp wi(— Fav — 4i(A* + w*)*M)). 
Donc 


Uy... »[exp ur(ux, — Axe) . EXP pats . EXP pgs . EXP wists . EXP wo(AX, + uxe)] 
= exp i(— 4vui + Awa + wus + (A> + w*)usMi — 4 (A? + w*)*uiM?}) exp(uaD). 
L’élément de I's5.4 entre crochets est 
(uur, — wr, FAumi, — FAu*ui, $A7uui) (0, 0, us, 0, 0) (0, 0, 0, us, 0) 
(0, 0, 0, 0, us) (Awa, wus, — FAuus, $A“ wus, $Au*u2) 
= (uur, — Amr, HAumi, — Aus, FA7uwt) (Awe, ume, ws — Fumo, wa + FA 7 wud, 
Ms + bru" u2) 

= (Awe + wr, — Nur + moe, ws + Fu (ui — wa) — wane, 

— baw ei + we + RN aw? — wees + Aw uw + fu *u ins, 

BN uy + ws + Fw es + Be ws + Awws — 4A uwwd — Avie). 


Posant ces coordonnées égales a 1, p2, ps, ps, ps, ON trouve, aprés calculs 


ees 
1 r + ’ 2 y+ 2 ’ 


us(A* + uw) = ps(A* + uw’) + w’prpe + Au(pi — 2), 
Aus + wos = Apa + ups — 3 ra (d*pi + 3dupipr + 3u*pips — Aups). 


D’od la formule (25). Maintenant, appliquons a gs, et a l’idéal Rx; + Rex, 
+ Rx; + Rx, de gs. la partie 1° de la démonstration du théoréme 4 dans 
(3), en y faisant a, = x4, @2 = 5, @3 = 2xyx5 — Qxoxy + x3", x = x1, 2 = 1, 
b = 2x5, F’(A, wu) = uw (d’aprés la proposition 3), R(A, wu) = 24. On obtient la 
formule (26). 

Les parties (ii), (iii), (iv) de l’énoncé sont évidentes. 


10. Représentations unitaires irréductibles de I. Nous utilisons la 
table de multiplication de gs; donnée au § 1. Soient X, Y, Z, T des indéter- 
minées. D’aprés le § 2, il existe un homomorphisme de R[X, Y, Z, T] sur 
3(Qs.s) qui transforme 

X en xs, Y en 2x3 x5 — xi, Z en Bxoxg — Bxgxaxs + xi, 
T en Oxixg — 18xargrqxs + Gxoxi + Bxixs — 3xixi, 
et dont le noyau est l’idéal de K[X, Y, Z, T] engendré par Y* + Z* — TX?*. 
Si donc, pour tout caractére x de 3(gs5,s), on pose 
x(xs) = id, x(Qxers — x4) = w, x (Bxar§ — Bearers + xi) = wy, 
x(9xax§ — 1Sxersxers + Crary + Bxixs — 3xixi) = p, 
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l’application x — (A, u,v, p) est une bijection de l'ensemble des caractéres 
de 3(gs,s) sur l'ensemble Z, des points (A, u, v, p) de C* tels que u* + (iv)? 
— (td)*p = 0, c’est-a-dire tels que u* — v? + A*%p = 0. Soit Z = 2, /\ R*. Si x 
est hermitien, on a (A, uw, », p) € Z. Réciproquement, si (A, uw, », p) € Z, x est 
changé en son conjugué par l’antiautomorphisme principal de 3(gs,s), donc 
x est hermitien. Ainsi, l’application x — (A, u, v, p) définit une bijection de 
l'ensemble des caractéres hermitiens de 3(g5.5) sur =. 

Soient 6 = Rx;, hb’ = Rx; + Rx,, A et A’ les sous-groupes correspondants 
de T's 5. 

PROPOSITION 9. Soit (A, uw, v, p) € Z. 

(i) Si \ ¥ 0, al existe une représentation unitaire irréductible U,,.,,, de Ts,s 
et (2 une équivalence pres) une seule dont le caractére prend les valeurs id en xs, 
en 2x3%5 — x47, wv en 3x2x5? — Bxgxqes + x43, p en Ox2"x5? — 18xexaxuxs 
+ 6xox,? + 8x3"x5 — 3x;*x,". Elle opére dans Lc*(R). L’ ensemble des vecteurs 
indéfiniment différentiables est /(R). On a 


Uy..»,9(%1) - D,, Uy.n,».9(X2) so 41 7 = 4S M, a 4idMij, 
(27) rnnel%s) = — HL + HAM, Uis.ro(es) = My, 
Uyj.».».9(%s) = 4X. 
Si > est l' élément de Ts,5 de coordonnées (p1, p2, ps, pa, ps) et si F € Le?(R), ona 


(2g) (Uan.ro(V)f)(0) = expi(- tae: — 44 


x x (ps — p28) 


+ (ps — pd + $020" — tos") V0 + p1). 
Si FE Le'(T s,s) \ Le?(T s,s), on a 


(29) fi \Fa)lar = 


. . ~ 
SSf tH Trncr-anrar(FY*L a +3 dddyudy. 
A~0 


(ii) Si X = 0 (donc v? — w* = 0) et wu ¥ O, il existe une représentation uni- 
taire irréductible Uy», de Us,5 et (@ une équivalence pres) une seule dont le 
caractére prend les valeurs id en x5, uw en 2x3xX5 — x4", iv en Bxoxs? — Bxgxuxs + x,', 
p en 9xo*x5? — 18xexgxuxs + Gxex,*® + 8x;°x5 — 3x5°x,*. Elle opére dans Le?(R). 
L’ ensemble des vecteurs indéfiniment différentiables est /(R). On a 

Un.re(%1) = Diy Uns.r.e(%2) = — 81© — 44> Mi, 
(30) . a 


Ure.r.c(e) = — i My, Ursne(ts) = — 45, Unm.no(ts) = 0. 


Si y est l' élément de T's,5 de coordonnées (1, p2, ps, ps, ps), et si f € Le?(R), on a 


Vv 


(31) (Urw.».0(v)f)(@) = | exp i {- to ne — : (ps — px + to0")) | + p.). 





1 


l 
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(iii) Si AX = wp =v =0, p #0, il n'existe aucune représentation unitaire 
irréductible de I's5,5 dont le caractére prend les valeurs 


1X en Xs, sp em Wx3X5 — xi, iv en Bxoxi — Bxaxux, + xi 
pen Oxax5 — 1Sxarerers + Gxoxt + Bxixs — 3xixi. 


(iv) SA = v=p=0 il y a une infinité de représentations unitaires 
irréductibles de Tos deux a deux non équivalentes, dont le caractére prend les 
valeurs id en X5, m em W3xX5 — X47, vy en Bxoxs? — Bxaxuxs + x4", p en Yxo*x5? 
— 18xoxsxuxs + Gxox,y? + 8x3°x5 — 3x,2xy?. Ces représentations sont triviales 
sur A’, et s’identifient aux représentations unitaires irréductibles de 1'5,5/A', qui 
est tsomorphe a T3. 


Démonstration. Soient 6” = Rx; + Rx, + Rx; + Rx, qui est un idéal 
abélien de gs,5, et A” le sous-groupe correspondant de I's,s. Appliquons le 
lemme 24 de (3)4T;,, et A”; on peut prendre dans ce lemme a; = x5, ad: = 
2xsxX5 — X4*, As = BxXoxs? — Bxexrees + x, Gg = Xs, X= HX, A= 1, b= xX. 
Pour \ # 0, il existe une représentation unitaire irréductible U,,, ,,, de I's, et 
(a une équivalence prés) une seule dont le caractére prend les valeurs iA en 
Xs, men 2Zx3xX5 — X47, vy en Bxox5? — Bxgxqxs5 + x4’, donc 


pen Oxix? — 18xexgrurs + Gxoxs + Sxix, — Bxixi. 
Cette représentation est induite par n’importe quelle représentation unitaire 
irréductible de A” dont le caractére prend les valeurs iA en x5, u en 2xgx5 — x4’, 


ivy en 3x2x5” — 3xaxqx5 + x,*, par exemple par la représentation unitaire de 
dimension | dont le caractére prend les valeurs 


iA en vs, 0 en x55 =— ti Ten tu ZAy -ti5 en X2. 


Les formules (27) et les assertions qui les précédent s’établissent alors en 
utilisant les mémes références que pour la proposition 3. La formule (28) 
résulte du calcul suivant: 


(8, 0, 0, 0, 0) (p:, P2, Ps, Pa, ps) 
= (0 + pi, p2, ps — p29, ps — p20 + $026", ps — psd + 438? — $028") 
= (0, p2, ps — p29, pa -— ps0 + 4928", ps — ps0 + 4028? — $28") 
(6 + pi, 0,0, 0,0). 
Avec les notations de (3), partie 2° de la démonstration du théoréme 4, on a 
+ti_t 
x = 
d’ot la formule (29) pour un choix convenable de la mesure de Haar de I's.s. 
Si A = 0 (donc »? — u* = 0), une représentation unitaire irréductible de 


I’;,s dont le caractére prend la valeur 7, en x; est triviale sur A, donc s’identifie 
a une représentation unitaire irréductible U’ de I's,,/A; identifions I'5,5/A a 


F’(,, BM, vy) = RiQ, M,v) as 
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T,; soient \’ et yw’ les valeurs du caractére de U’ en x, et en 2xox4 — x3". Les 
congruences: 

Qxexg — xi = — x4 (mod xs) 

Bxaxs — BSxecges + xi = xi (mod xs) 

Oxgxs — 1Sxarexgxs + Oxaxi + Sxixs — 3xixi = 3Bxi(2xexy — x3) (mod xs) 
montrent que yu, v, p sont liés a d’, uw’ par les relations 
(32) p= — (r’)’, w= (ar’)’, p = 3(’)'v’. 
Si u * 0 (donc » ¥ 0), on en tire 


Les formules (30) résultent alors des formules (12) et la formule (31) de la 
formule (13). D’od (ii). D’autre part, (iii) résulte aussit6t des égalités (32). 
Enfin (iv) est immédiat. 


11. Représentations unitaires irréductibles de I's. Nous utilisons la 
table de multiplication de gs 5 donnée au § 1. Soient 6 = Rxs, A le sous-groupe 
correspondant de I's.s. Il y a correspondance biunivoque entre les nombres 
réels \ et les caractéres hermitiens x de 3(gs.s). Cette correspondance est 
définie par la formule x(xs) = iA. 


PROPOSITION 10. (i) Si \ # 0, il existe une représentation unitaire irréductible 
U, de l'5.¢ et (@ une équivalence pres) une seule dont le caractére prend la valeur 
th en x5. Elle opére dans Lc?(R*). Les vecteurs indéfiniment différentiables sont 
les éléments de S(R*). On a 
Un(x1) = Ds, Us(x2) = Dz + AMiM2 + HAMi, 

Uy(xs) = ikAMe + R4XMi, Uy(xa) = iAMi, Uy(xs) = Ad. 
Si > est [élément de Ts,¢ de coordonnées (p1, p2, ps, pa, ps), et sif € Le?(R*), ona 
(34) (Ux(y)f) (1, 2) = [exp id(os — pai + 40201 + 40s01 — box0i — pale 
— p2082)|f (01 + pr, 02 + pe). 
MSM FE Le'(T s,s) C\ Le?(Ts.s), on a 


(35) J. JF) lay = J tr(Uy(FY Ux(F)) "Ad. 


(33) 


(ii) Si X = 0, il existe une infinité de représentations unitaires irréductibles 
de l's,.6, deux a deux non équivalentes, dont le caractére prend la valeur id en xs. 
Ces représentations sont triviales sur A, et s’identifient aux représentations uni- 
taires irréductibles de 1'5,6/A, qui est isomorphe a T. 


Démonstration. Soient 6’ = Rx; + Rx, + Rx; + Rxe, qui est un idéal de 
Qs,s, et A’ le sous-groupe correspondant de I's,¢. Alors, 6’ est isomorphe a 
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(Rx, + Rx; + Rxs) X (Rx,); et Rx. + Rx; + Rx; est isomorphe A gs, avec 
Rx; pour centre. Les formules (33) et les assertions qui les précédent s’obtien- 
nent alors exactement comme pour I’s;;. La formule (34) résulte du calcul 
suivant: 


(0, 0, 0, 0, 0) (p1, p2, ps, pa, Ps) 
= (0 + pr, p2, ps — p20, ps — px + 4020", ps — pa + 4020 + 4020" — hp20”) 
(0, p2, ps — p20, pa — px + 4026", ps — pad + 4020 + 420° — bp20”) 
(6 + p;, 0,0, 0, 0). 


Avec les notations de (3), partie 2° de la démonstration du théoréme 4, on a 
F’(A) = \ et Ri (A) = A; d’od (35). La partie (ii) de l’énoncé est évidente. 


12. Un autre exemple. Dans tous les exemples précédents, on a trouvé un 
élément classifiant a appartenant au centre de l’algébre de Lie étudiée. Ceci 
permettait de considérer les représentations dont le caractére s’annule en a 
comme des représentations d’un groupe quotient. Nous allons voir que, 
malheureusement, il n’en est pas ainsi en général. 

Soit g l’algébre de Lie réelle de dimension 7 dont la table de multiplication 
(avec les mémes conventions qu’au § 1) est la suivante: 


[x1, X2] = x7, [x1, Xs] = Xe, [x1, x4] = Xs, 
[x2, x3] = Xs, [x2, x4] = Xe, [x3, X4] = Xp. 


Pour trouver %(g), nous avons a résoudre le systéme d’équations 


Xaf' ss + Xef' ss + Xef' x, = 0, 


oa Xof's; + Xef'ss + td x -_ 0, 
= Xef' 2: _ Xsf'rs + Xrf's, = 0, 
= Xf ‘sr; _ Xef es _ Xof'ss = 0. 


Le déterminant de ce systéme par rapport aux inconnues 


fev Siew fev f'x 
n'est pas identiquement nul (il vaut (xs? + x6? — x7*)*). D’od aussit6t $(g) = 
R[xs, Xe, x7], 3(q) = R[xs, Xs, X7]. 
Soit T le groupe de Lie simplement connexe d’algébre de Lie g. 
Par les mémes méthodes que dans les paragraphes précédents, on peut 
montrer que x5? — x6? + x; est classifiant pour g. Nous n'aurons pas besoin 
de ce résultat; mais nous allons prouver ceci: 


PROPOSITION 11. Soit x un caractére hermitien de 3(q) tel que x (xs? —x6?+ x") 
= 0. Il existe une infinilé de représentations unitaires irréductibles de T, deux a 
deux non équivalentes, admetiant le caractére x. 


Démonstration. Posons x(xs) = iA, x(x) = iu, x(x7) = i. On a donc 
\? — nw? + »? = 0. Distinguons trois cas: 
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(a) A = 0, uw = v. Soit h = Rx; + R(xe — x), qui est un idéal de g. Soient 
Vi, V2, Vs, V4, ¥s les images canoniques de x;, X2, X3, X4, X» dans g/h; ces éléments 
forment une base de g/h par rapport a laquelle la table de multiplication de 
@/6 est: 


[y1, ¥2] = J [v1 ys] = V5, (v2, y4] = V5; [ys, ya) = Vs. 


On voit que g/h est isomorphe 4 R(y2 — ys) X R(yi + ys) X (Ryi + Ryo 
+ Rys); et Ry: + Ry: + Rys est isomorphe a g; avec Rys pour centre; il 
existe donc une infinité de représentations unitaires irréductibles de I’ (groupe 
de Lie simplement connexe d’algébre de Lie g/h), deux 4 deux non équiva- 
lentes, dont le caractére prend une valeur donnée imaginaire pure en ys. Par 
suite, il existe une infinité de représentations unitaires irréductibles de I’, deux 
a deux non équivalentes, dont le caractére prend les valeurs iv en xs, 0 en 
xs, 0 en xs — x;. D’od la proposition dans ce cas. 

(b) A = 0, » = —»v. La démonstration est analogue a celle qu'on vient 
d’utiliser dans le cas (a). 

(c) A #0. Soit 6’ = Rx, + Rxs + Rxe + Rx, + R(Ax2 — ux:) + R(Ax; 
— vx,), qui est un idéal de g de dimension 6. Soit A le sous-groupe de I 
correspondant a §’. Alors, [6’, 6’] est engendré par 


2, = [Axe — wx, x4] = Axs — UXs, 
22> [Ax3 -_ vX1, X4] = AX — xs, 
23 = [Axe — pX1, AX: — vx] = A(Axs — pute + v%X7). 


Soient a, 8,y des nombres réels. Soit ¢ la forme linéaire sur bh’ telle que 
@(Ax2 — wx) = ta, O(AxX3 — vx1) = iB, (xs) = iy, (xs) = 1A, O(xX6) = in, 
o(x7) = w. On a 

$(2:) = Au — Au = O 

o(z2) = rv — tly = O 

o(z3) = A(tA? — ip? + wy?) = O. 


Donc ¢ est nulle sur [6’, 6’]. Donc il existe une représentation unitaire U’., 
de dimension 1 de A correspondant a ¢. Soit U.,, la représentation unitaire 
de T induite par U’.,. En utilisant soit les méthodes des paragraphes 
précédents, soit le théoréme 6; 2 de (1), il est facile de voir que U..s est 
irréductible (compte tenu du fait que \ + 0). D’autre part, le caractére de 
Ua a méme restriction 4 Rx; + Rx. + Rx; que le caractére de U’.2, (3, 
Lemme 23). Le caractére de Us, est donc x. Pour achever la démonstration, 
nous allons prouver que les représentations U,,, correspondant a deux 
valeurs distinctes de a sont non équivalentes. Pour cela observons que 


[x1, AX2 — wx, — vxX4] = Ax — vx 

[x1, AX, — vx5] = O 

Ua p.y(AX2 — pxX1 — vx4) = i(a — vy). 1 
Ua p.y(AX%1 — vXs) = (Av — idv). 1 = 0. 
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Il en résulte (3, Lemme 31) que Uz.s.4 (Ax2 — ux: — vxy) = i(a — vy). 1, ce 
qui prouve notre assertion. 


CoROLLAIRE. I] n'existe pas, dans le centre de q, d’élément classifiant pour q. 


Démonstration. Supposons qu’ il existe un élément non nul pxs + p’x— + px, 
dans le centre de g qui soit classifiant pour g. Soient A, u, v, des nombres réels 
tels que pA + p'u + pv # 0, A\*? — pw? + v® = 0. Soit x le caractére de 3(q) 
tel que x(xs) = aA, x(xs) = iu, x(x7) = iv. On a x(pxs + p'xe + px) ¥ 0, 
donc x correspond a une représentation unitaire irréductible de T et A une 
seule (4 une équivalence prés). Mais x(x? — x6? + x7") = 0, ce qui contredit 
la proposition 11. D’od le corollaire. 


13. La formule de Plancherel dans les groupes de Lie nilpotents non 
simplement connexes. Nous avons montré dans (3) que les théorémes 
1, 2, 3 de (3) s’étendent facilement aux groupes de Lie nilpotents non simple- 
ment connexes. Montrons maintenant que le théoréme 4 de (3) ne se généralise 
pas de la méme facon. 

Considérons, dans Ty, le sous-groupe Z des éléments de coordonnées 
(0, 0, 0, ps), o ps est un entier rationnel. Ce sous-groupe est discret central. 
Soit T',’ = I',/Z. Les représentations unitaires irréductibles de I,’ s’identifient 
aux représentations unitaires irréductibles de IT’, dont le caractére prend en 
x4 des valeurs de la forme 2irr, avec + entier rationnel. Celles de ces repré- 
sentations qui sont déterminées (A une équivalence prés) par leur caractére 
sont les représentations notées, dans la proposition 4, U2s,,, avec r entier 
rationnel + 0. 

Or, nous allons voir que, pour toute fonction intégrable F sur I,’ constante 
sur les classes suivant le centre (compact) de T,’, et pour tout entier rationnel 
tr #0, on a U2,,,(F) = 0. Ceci prouvera qu'une “formule de Plancherel”’ 
pour I,’ doit faire intervenir des représentations unitaires irréductibles de 
rr,’ non déterminées par leurs caractéres. 

Comme coordonnées sur Ty’, nous utiliserons les coordonnées pi, ps, ps, ps 
déduites des coordonnées de méme nom sur I, par passage au quotient: 
P1, P2, p3 sont des nombres réels, et p, est un nombre réel modulo 1. Sif € Le?(R) 
on a, d’aprés (13), et en posant \ = 2zr: 


Ure NO =f ff f Fes on on 


| exp i (~ 2 5 Ps + dps — Apo + roa’) | + pi)dpidpedpsdp, 


+00 +c +00 ; bu . 
= f f F(p1, p2, pal exp t [. } 2 — dps + $dp28 


“co 


1 
(0 + pi)dpidpedps f (exp idps)dpa. 
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donc 
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me 7 est entier ~ 0, on a 


1 
f (exp 2irrp,s)dp, = 0, 
0 


(User s(F) f)(@) = 0. 


D’od notre assertion. 
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THE BETTI NUMBERS OF THE SIMPLE 
LIE GROUPS 


A. J. COLEMAN 


1. Introduction. The purpose of the present paper’ is to simplify the 
calculation of the Betti numbers of the simple compact Lie groups. 

For the unimodular group and the orthogonal group on a space of odd 
dimension the form of the Poincaré polynomial was correctly guessed by 
E. Cartan in 1929 (5, p. 183). The proof of his conjecture and its extension 
to the four classes of classical groups was given by L. Pontrjagin (13) using 
topological arguments and then by R. Brauer (2) using algebraic methods. 
However, the case of the exceptional Lie groups proved more recalcitrant and 
was finally settled only in 1949 by C. T. Yen (21). Borel and Chevalley (1) 
have recently simplified the calculations for the exceptional groups. Even so, 
they make use of a large number of disparate algebraic and topological results 
including the known facts for the classical groups. Much of their paper was 
already covered by results of Coxeter (9) and Racah (14). Their method 
entails a tedious discussion of special cases. 

Hopf (10) and Samelson (15) showed that for a compact Lie group the 
Poincaré polynomial (the coefficients of which are the Betti numbers) is of 
the form 


P@) = [T a+e) 
& 
where n is the rank of the group and p, are odd integers. Chevalley (6) proved 
that p, = 2k, — 1 where k, is the degree of a minimal homogeneous invariant 
of the group. We shall show how the &; may be easily obtained. 

As is well known (18), the classification of simple compact Lie groups of 
rank m is closely related to the classification of finite orthogonal groups 
generated by reflections in a space of dimension mn. Since this finite group 
associated with the Lie group was first introduced by Killing, we shall call 
it the Killing group and denote it by &. This group has also been called the 
“kaleidoscopic group” and the ‘‘Weyl group.’ The latter name has little 
justification since, though Weyl made use of it in 1926, it was used by Killing 
and, following him, Cartan, to effect the classification of simple Lie groups. 
All particular cases of the Killing group were described in some detail in 
Cartan’s paper (4) in 1896. It has been studied and used by many authors 
including Cartan (3, p. 58; 4), Coxeter (8, chap. 11), Stiefel (18), Weyl 
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(19, § 4 et seq.), and Witt (20). The Killing group of a compact Lie group 
is isomorphic to the quotient group relative to T of the normalizer of a 
maximal abelian subgroup T. Chevalley (6) has shown that by restricting 
the minimal invariants to T, the problem of finding k, reduces to that of 
finding the degrees of the minimal homogeneous invariants of the Killing 
group represented by orthogonal transformations in a space of m dimensions. 
Here and throughout the paper m is the rank of the Lie group. 


2. The product of reflections. For a simple Lie group, G, the Killing 
group, &, represented as a group of congruent transformations in Euclidean 
n-space, E,, is generated by mn reflections which we shall denote by R,, 
1 < i < n. The relations among R, are conveniently indicated by a Coxeter 
graph (8, § 11.3, and p. 297). The Coxeter graph of & consists of m nodes 
joined by branches. The ith node corresponds to R;. Two nodes are joined if 
the corresponding two reflections do not commute. The (i, 7) branch is marked 
to indicate the period of R,R,, but we can neglect this for present purposes. 
We shall, however, distinguish two types of Coxeter graph. 

In Case I the graph consists of a single chain such as 





which is the graph for As. Such graphs occur for the following simple Lie 
groups: 

A, (unimodular), B, (orthogonal group on 2m + 1 variables), 

C, (symplectic), G, (the exceptional group of rank 2 and dimension 14), 

F, (the exceptional group of rank 4 and dimension 52). 

In Case II the graph consists of a principal chain with m — 1 nodes, with 
a second chain containing one node emanating from the principal chain. For 


example, 
ee ee 








is the graph for E;. Case II includes: 

D, (the orthogonal group on 2n variables), 

Es, E;, Es (the exceptional groups of rank 6, 7, 8 and dimension 78, 133, 248 
respectively). 

The product of the » generating reflections, R = R,R.... R, and its order, 
h, play a fundamental role in what follows. It is of historical interest to note 
that Killing (12, pp. 18-23; 3, p. 58) made use of this same product. Coxeter 
has made a careful study of R (8, § 12.3; 9) and we depend heavily on his 
work. In particular he noticed that if £ is a primitive hth root of unity and 


c™, where 0 < m, <h, 


are the eigenvalues of R, then k; = m;,+ 1. We shall prove this. Hence 
Coxeter’s calculation of m, determines k,;. We shall call the positive integers 
m, the exponents of &. 





ma _ nae i Oe) 62 
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Definition. By a regular vector we shall mean one which does not lie on a 
reflecting hyperplane of &. Thus x is regular if and only if r. -x # 0 for every 
positive root vector f., since the root vectors are orthogonal to the reflecting 
hyperplanes of &. 


LeMMA 1. The operation R, of order h, has a primitive hth root of unity, ¢, as 
an eigenvalue which corresponds to a regular eigenvector. With a,, as defined 
below and a the minimum eigenvalue of (a;;), { = e, where 0 = 2x/h 
4 arc sin (}a)!. 


Proof. As was shown by Cartan (3, p. 58) and by Coxeter (9, p. 767) the 
equation 
(1) Rx = x 
is equivalent to the equations 
(2) bix, =0 
where the co-ordinates x, are distances from the sides of a fundamental 
simplex F of &. If e; are unit vectors orthogonal to sides of F, pointing in- 


wards, and e‘ is the reciprocal basis of E, such that e, -e’ = 6,’, thenx = x,e'. 
The matrix 5,’ has the form: 


$(A + 1) A302 cee AinA 
a21 (A + 1) ‘+s ond 
Qni An2 — 4(X + 1) 
where a;, = a;, = — cos (4/p;,), and p,, is the period of R,R;. Thus a,, = 1, 


a,, < 0 if the distinct 7 and j nodes are connected by a branch, and a,, = 0 
otherwise. The matrix (a,,) therefore corresponds to what Coxeter calls an 
a-form (8, § 10.2). We order the co-ordinates x, x2, ..., X,—1 to correspond 
in succession to the nodes of the principal chain from left to right, with x, 
corresponding to the end node in Case I, and to the node on the second chain 
in Case II. In Case II we let g = 2 for D, and g = 3 for Es, Ey, Es. 

With the notation fixed in this way the only non-vanishing elements in 
the ith row of (a;,;) are: 


(a) im Case I: for 1 = 1, @y, Gi2; for 1 = m, Gan—1, Gna; Otherwise a@,4-1, 
Dit, Dii+1; 

(b) im Case II: for i = 1, ay1, G12; for i = Gg, Ggq—1, Beg, Beqti, Aen; for i = 
m — 1, Qn—in—2, Gn—in—1; for i = n, Ang, Inn; Otherwise, @ 44-1, @i4, A441. 


The equations (2) are now transformed in Case I by setting 
(3a) "xy = AMy? 
and multiplying the ith row by \*; and in Case II by setting 
(3b) xy= My, Le jecn—1; x = dhewy 
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and multiplying the ith row by \*(” for 1 < i < _m — 1, and the mth row 
by A#¥. Equations (2) then take the form 


(4) (ai; — ¢! — A)645)y? = 0 


where 
A = $(A? + a-4). 


For A = 1, (2) reduces to a,,y’ = 0 which has no non-trivial solution for the 
simple groups. Thus no vector is fixed under R, and —1<A <1. 

Let a be the smallest eigenvalue of (a,,), then (a;; — ad,,)y‘y’ is a positive 
semi-definite connected a-form, so that (a;; — aé;;) is of nullity 1 and the 
equations (4), with a = 1 — A have a solution yo’ with yo’ > 0 for all 7. Let 
¢ = e” be the corresponding value of \ where 0 < @ < 2x. Since a is the 
minimum eigenvalue of (a;,), @ is the smallest positive angle @ for which e 
is an eigenvalue of R. The angle 6 = 2x7/p where p is an integer. For let p 
be the smallest integer such that p@ is a multiple of 27. Then e“ is a primitive 
pth root of unity. Since the characteristic equation of R has rational co- 
efficients it has as roots all primitive pth roots of unity and in particular 
e**/?. The above minimum property of @ implies that 6 = 2x/p. 

Equations (3a) or (3b), with A replaced by ¢ and y’ by yo’, give an eigen- 
vector X» of R. We must show that r,.-X» ~ 0 for all positive root vectors fr.. 
To this end, note that 6 < 2x/(m + 1). We prove this by induction on n. 
For n = 1, R = Ri, A = — 1, 6 = 22/2. In general, the minimum eigenvalue 
a of (a;;), is less than or equal to the minimum eigenvalue a’ of the sub-matrix 
(a;;)’ with i, 7 > 1, corresponding to the Coxeter graph obtained by removing 
the first node of the given graph. Now yo', which does not vanish, is proportional 
by (8, 10.27) to the square-root of the (1, 1) principal minor of (a,;, — aé,,). 
Thus (a;; — aé,;)’ is regular and a@ is not an eigenvalue of (a;,)’. Thus a is 
in fact less than a’ and if @ = 2x/t, 6 < 2x/(t + 1). This enables us to 
complete the induction. 

The fact that X» is regular now follows easily. Each positive root vector 
fa = 72/€; where 7,’ are positive rational numbers. Thus 


Ta°Xo = fa'Xy = >» (Ta COS Gyo’ — ita’ sin oyyo’) 
5 | 
where the ¢, are obtained from ¢ by equations (3): in Case I, 
0<¢ £w@de-t—< © 
4 n+1 


and similarly in Case II, 0 < $,; < x. Thus sin ¢, > 0 and =r,’ sin ¢yyo’ > 0 
which implies r,-Xo # 0. 

To show that ¢ is a primitive Ath root, assume that ¢“ = 1, for u < h. Then 
RX» = Xo. But Xo does not lie on a reflecting plane, so it is fixed only under 
the identity (19). Hence R* = J, and u = h. 

Since A = 1 — a = cos }@ = 1 — 2 sin*4@, we have @ = 4 arc sin (}a)}. 





an 
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COROLLARY 1. All the primitive hth-roots of unity occur as eigenvalues of R 
and the corresponding eigenvectors are regular. 


Proof. Since the characteristic equation of R has rational coefficients, the 
first part of the statement follows immediately. 

The mapping of ¢ onto ¢’, another primitive h-root of unity, while keeping 
the rationals & fixed, determines an automorphism of the field A(t), which 
sends the co-ordinates xo; of Xo into the co-ordinates of the eigenvector Xo’ 
corresponding to ¢’. Under this mapping r,-Xo, which is different from zero 
will not be mapped onto zero. Therefore X»’ is regular. 

It follows from this that ¢(h) < n, where ¢ is Euler’s function. From the 
proof of the theorem we also have the limitation h > n + 1. 


COROLLARY 2. The number of reflections in & is an integral multiple of }h. 


Proof. R“ta:Xo = Ta: R-“Xo = (“(Ta:Xo). These are distinct and different 
from zero for 1 < u < h. Thus R“r, are distinct. The desired result follows, 
if we note that r. and — fq give rise to the same reflection, by partitioning 
the reflections into equivalent classes under the cyclic group generated by R. 

It is in fact easy to verify (8, 12.61) that the number of reflections is equal to 


(5) nh. 


3. The Jacobian of a basic set of invariants. Chevalley (7) has given 
an elegant proof of the fact that any polynomial in x which is invariant under 
R belongs to the ring generated by m minimal invariants J,. If J; has degree 
k, then by a theorem of Molien (16), 


(6) g I] (1-7?) = p> I] (1 — w/t)” 


where g is the order of & and w/* are the eigenvalues of the operator k € &. 
Following Shephard and Todd (16, p. 289) we multiply (6) by (1 — #)" and 
set ¢ = 1, whence g = IIk,. Subtract (1 — ¢#)- from both sides of (6), multiply 
by (1 — #)*", set ¢ = 1 and we deduce that the number of reflections in & is 


(7) Z(k; — 1). 


Consider the equations J,(x) = w,, where J; are any n algebraically inde- 
pendent polynomial invariants of &. For a point x at which the Jacobian 
J = |0,J,, # 0, there will be open neighbourhoods of x and w in one-to-one 
correspondence. However, if x lies on one of the reflecting hyperplanes of 
R, any open neighbourhood of x contains points which are equivalent under 
R and correspond te the same point w. Thus J = 0 on the reflecting hyper- 
planes of &. 

In particular, if 7, are-a set of minimal invariants the degree (Rk, — 1) of 
J is equal to the number of reflecting hyperplanes of &. Hence, (17). 


LemMA 2. The Jacobian of n minimal polynomial invariants of R is equal, 
within a multiplicative constant, to the product of the linear forms whose vanishing 
gives the reflecting hyperplanes of &. 
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With the above preparation, we may now easily reach the main result of 
the paper by evaluating J for a set of m minimal invariants, in a system of 
co-ordinates in which R is diagonal. Let u, be an eigenvector of R such that 


Ru, =f" u, 
where m, are the exponents of &, with m, = 1. Thus if x = x‘u, goes into 
x = Rx = x‘t™u, = x‘'u, 
then a 
xi = t™ x 
Since u, is regular by Lemma 1, J # 0 at x = x'u,. Thus for each 7 there 
is a j such that 0,J, + 0 at x'u;. But at this point 4,/, is a multiple of 


a 
and this term arises from a term 

(x')*'x? 
in J,;. This term must be invariant under R; therefore 
(8) kg —1+m,=0 (A). 


Since R is real, together with m,, h — m, is an exponent, and since for J # 0 
all 7 must occur, by reordering m, we can arrange that k; = m, + 1 (A). But 


> m, = > (h — m;) = nh = , (k, — 1) 
by (5). Hence 
k, = m,+ 1. 


This concludes the proof? of the 


THEOREM. The degrees k; of a set of minimal polynomial invariants of the 
Killing group, R, are given by k; = m, + 1, where m, are the exponents of &. 


Hence from Coxeter’s elegant calculation of m, (9) we obtain the 
pb; = 2k, — 1 = 2m,+ 1, which define the Poincaré polynomial. For the 
simple compact Lie groups the /,; are as follows 


A, : 3,56,7,9,...,98+1 


cS |). a 
D, : 3,7,11,...,40—5, 28—1 
Ge : 3, 11 


Fy : 3,11, 15, 23 
E. : 3,9, 11, 15, 17, 23 
: 3, 11, 15, 19, 23, 27, 35 
, 15, 23, 27, 35, 39, 47, 59. 


ww 


*Professor Coxeter has pointed out that the proof of this theorem is valid not only for the 
groups & associated with Lie Groups but for any real finite group generated by reflections. 
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4. Remarks. 


(i) If & is known, Coxeter’s calculation of m, can sometimes be simplified. 
The primitive h-roots of unity are given by {“ where (u, h) = 1. For Es, h = 30 
and the possible u are 1, 7, 11, 13, 17, 19, 23, 29 giving us the eight m,. For 
E,, h = 18, giving 1, 5, 7, 11, 13, 17 for m,. The seventh root of unity must 
be real, therefore equal to — 1 corresponding to m, = 9. For Es, hk = 12 and 
the above method determines only four of the m,: 1, 5, 7, 11 and further 
argument is needed to obtain 4 and 8. For Fy, hk = 12 giving 1, 5, 7, 11. 

From the form of the equations (2) one easily proves they are of nullity 
one except in Case II for \ = — 1 when they have nullity two. Hence all 
the eigenvalues are simple except 4 = — 1 in Case II which is double. For 
A,, h =n-+ 1. We know that A = 1 is not an eigenvalue, and that the 
eigenvalues are all different; so they are completely determined. 

(ii) The poles on each side of (6) coincide, therefore if any element of & 
has as eigenvalue a primitive pth root of unity then p divides k, for some i. 
Since each subgroup of @ has associated with it a primitive root of unity by 
Lemma 1, the &; provide a limitation on the possible subgroups. Conversely, 
a knowledge of subgroups partially determines k;. This, evidently, is the 
basis of many of the topological arguments for determining the Betti numbers 
by discussion of subgroups. 

(iii) The symmetry in the sequence of first differences of the p; sometimes 
referred to as “double duality’’ is explained by the simple fact that R is a 
real operator and together with \, X is an eigenvalue. 


(iv) Previous methods of obtaining k, depended on the explicit construction 
of a set of minimal invariants. These are partly determined by our method. 
For if m, + m; = h the invariant J, of degree k, = m, + 1 contains the 
term 

x1"*X5, 
Indeed, there will be a term in J, of the form 
X4*xy 


where m,m, + m, = O0(h), for each m, relatively prime to h. Probably 


IT, = 20 (kx:)™ (kxs) 


k 


where k ranges over a set of representatives of the cosets of R with respect 
to the cyclic group R, but this has not been proved. 

(v) The above proof still contains the inelegancy of using (5) which has 
hitherto only been proved by verification. This is unsatisfactory even if one 
admits that once the / are known the verification is trivial. It would be most 
desirable to give a general proof* of the following three facts, perhaps not 


*Since this was written, I have learned that R. Steinberg has a paper in the course of publi- 
cation which deals with (a) and (b). 
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unrelated, which have been observed: (a) the number of reflections in & is 
$nh; (b) if the dominant root vector is z‘t,;, where t,; are a basic set of simple 
roots, then h = 1 + =z‘; (c) & contains a subgroup isomorphic to ©,, the 
symmetric group on nm objects. 
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RETRACEABLE SETS 
J. C. E. DEKKER anp J. MYHILL 


1. Introduction. Let us compare two properties of sets of non-negative 
integers: (1) the set a has property I, if there exists an effective procedure 
which when applied to any element of a different from its maximum (which 
a does not necessarily possess) yields the next larger element of a; (2) the 
set a has property A, if there exists an effective procedure which when applied 
to any element of a different from its minimum yields the next smaller element 
of a. It is readily seen that every recursive set has both properties. Let a be 
any infinite set with property I’. We define: f(0) = the minimum of a,f(m + 1) 
= the element obtained when the effective procedure is applied to f(m). It is 
clear that f(m) is a strictly increasing recursive function ranging over a. The 
class of all sets with property I is therefore the same as the well-known 
denumerable class of all recursive sets. We now show that there are c non- 
recursive sets which possess property A. Let {a,} be any sequence of numbers 
chosen from the set (0,...,9), but such that ap + 0. Put 


o = (ao, 10-ao + ai, 10°-ao + 10-a; + a2,... 
(xforO0 <x < 9, 


fe) = Ir 
[=| for x > 10. 


We see that /(x) is a recursive function which maps a» onto itself and every 
other element of ¢ onto the next smaller element of ¢. Thus, ¢ is an infinite 
set with property A. The sequence {a,} can be chosen in c different ways and 
different choices of {a,} yield different sets ¢. Since there are only c sets 
(that is, of non-negative integers), it follows that there exist exactly c sets 
with property A; only XN» of these are recursive, hence c are non-recursive. 

It is the purpose of this paper to prove several theorems concerning sets 
with property A (henceforth called retraceable sets), in particular: 

(1) every degree of unsolvability can be represented by a retraceable set; 

(2) every degree of unsolvability which can be represented by a r.e. (that 1s, 
recursively enumerable) set can also be represented by a r.e. set with a retraceable 
complement. 


2. Notations and terminology. A non-negative integer is called a 
number, a collection of numbers is called a set and a collection of sets a class. 
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The Boolean operations of union, intersection and complementation are writ- 
ten +, -, ’ respectively; C stands for inclusion (proper or not), @ for the 
empty set of numbers, « for the set of all numbers, df and pf for the domain 
and range of the function f(x) respectively, and fg(x) for the function f(g(x)). 
The cardinal of a collection 6 is denoted by card 9, the minimum of a (in 
case a # ¢) by mina and the maximum of a (in case a + ¢ and is finite) 
by max a. We write c,(x) for the characteristic function of ¢ and p,(x) for 
the function with domain ¢ which maps the minimum of ¢ onto itself and 
every other element of o onto the next smaller element of c. In the special 
case ¢ = @ the function p,(x) is nowhere defined; if ¢ = « it is the usual 
predecessor function. If @ is an infinite set, the strictly increasing function 
ranging over a is called the principal function of a and denoted by ha(x). The 
function f(x) is downward if f(x) < x for every x € df. The sets a and £ are 
separable (written a/8) if there are disjoint r.e. sets a, and 8; such that a C a, 
and 8 C Ai. 

We assume the reader to be familiar with the following notions: array, 
discrete array, immune set, simple set, hypersimple set (see, for instance 
(1)). A set is hyperimmune if it is infinite and its complement includes at 
least one row of every discrete array. We shall use the fact due to Rice (7, 
Theorem 21) that the infinite set a is hyperimmune if and only if 4,(x) is not 
bounded by any recursive function. It is well-known that there is an array 
in which every finite set occurs exactly once (6, p. 304); {p,} will denote a 
specific array of this type which has the additional property po = ¢. 


Definition. The set a is retraceable, if p4(x) has a partial recursive extension. 
If a is retraceable, every partial recursive extension of pa(x) is a retracing 
function of a or a function which retraces a. A function r(x) is a retracing 
function if it retraces at least one infinite set. 


Definition. The number a is an initial number of the downward function 
f(x) if a € of and f(a) = a. The set of all initial numbers of a downward 
function is the initial set of that function. 


Definition. A set is introreducible, if it is (Turing) reducible to each of its 
infinite subsets. 


The notions of retraceability and introreducibility were communicated by 
R. S. Tennenbaum. 


3. Examples. Many downward functions are conveniently described by a 
diagram. Let m be any number > 1, and let po, pi, . . . be the sequence of all 
primes arranged according to size. The following six diagrams (supposed to 
be extended indefinitely) are self-explanatory. 

We denote the functions described in the six diagrams by 7;(x),... , r6(x) 
respectively. Each of the functions r;(x),...,75(x) is partial recursive and 
retraces at least one infinite set; rg(x) is partial recursive and downward, but 
retraces only finite sets. For 1 < zi < 6, let o; stand for the initial set of r,(x) 
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and 7, for the class of all infinite sets retraced by r,(x). Knowing the car- 
dinality of «, does not tell us much about the cardinality of 7, or vice versa. 
For the cardinalities of o;,..., 06 are 1, 1, 1, No, No, 1 respectively and those 
of 7;,..., Ts are m, No, c, No, c, O respectively. Note that r2(x) and r4(x) have 
the common property that they retrace exactly denumerably many infinite 
sets, all of which are recursive; but, while the sets in 7, are mutually disjoint, 
the sets in 7; all contain 0, that is, the only initial number of r(x). Examples 3 
and 5 illustrate the existence of retracing functions which retrace c mutually 
almost disjoint infinite sets. 


4. Propositions. Let a be an immune, retraceable set and f(x) a retracing 
function of a. Then a C 4f and this inclusion must be proper, because df is 
r.e. In certain cases we can actually find elements in 6f which cannot belong 
to a. For if f(x) is not downward every element x, such that 


(1) x, € 6f and x, < f(x:) 
belongs to a’, and if pf is not included in df every element x2 such that 
(2) x2 € Of and f(x2) ¢ of 


belongs to a’. Omitting an element x; from 6f which satisfies (1) or an element 
x2 which satisfies (2) changes f(x), but not the class of all sets retraced by 
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f(x). We call a function f(x) special if f(x) is downward and pf C df. If the 
function r(x) retraces a, the function r:(x) defined by 


Sr(x) ifx € brand r(x) < x, 


r(x) = x ifx € érandr(x) > x, 


is a downward function which retraces a. The subset 6* of all elements 
x € 6r; such that 7; (x), rir: (x), . . . are all defined (after finitely many elements 
all elements in this sequence are then the same) is r.e. If r2(x) is the restriction 
of 7:(x) to 4*, re(x) is a special retracing function of a. Thus, a set is retraceable 
if and only if it has a special retracing function. 

For every special function f(x) we define 


[P°(x) = x, f(x) = ff"), 
(3) jr) = (uz)[f""(x) = f'(x)], 

Poe) = (f(x)... f*(x)) — (f"(x)). 
The functions n(x) and g(x) have the same domain as f(x), and if f(x) is 
partial recursive, so are m(x) and g(x). The function g(x) is called the associ- 
ated function of f(x) and is denoted by f *(x). 


PRoposITION P1. The set a is retraceable if and only if there is a partial 
recursive function t(x) such that 


t(x) is defined, 
(a) " canes iyly € aandy < x}. 
Proof. We ignore the trivial case a = ¢. 
(1) Let the function ¢(x) satisfy (a). Put 


6) « _ a, if pus) = ¢, that is, t(x) = 0, 
max pxz), if pur) ¥ ¢, that is, t(x) > 0, 
then r(x) is a retracing function of a with the same domain as ?¢(x). 
(2) Let @ be retraceable. Then a@ has a special retracing function, say 
r(x). If t(x) = r*(x), t(x) is related to a by (a). 


In the special case that a has a r.e. complement condition (a) in P1 can 
be replaced by 


| there is a partial recursive function ¢,(x) such that 
Jts(x) is defined, 
t(x) = card {yly € aandy < x}. 


(b) 


|x Ea=> 


Since (a) obviously implies (b) it suffices to prove the converse. Assume (b). 
Let a’(m) be a recursive function ranging over a’ and put u(x) = x — t,(x). 
Let 5* be the set of all elements x of dt; such that a’ contains at least u(x) 
elements < x. Then 6 is a r.e. subset of dt; and for every x € 6* we can 
effectively find the u(x) elements 6,:,..., 62.2) which are the first u(x) 
elements < x which show up in the sequence a’(0), a’(1),.... Thus there is 
a partial recursive function g(x) defined on 6* such that 


Paz) = (0, sasne ™ 1) = (6.1, cees bz wiz))- 
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Now assume x € a. Among the x elements 0,...,x — 1 exactly u(x) belong 
to a’ and exactly ¢#,(x) to a. Hence, 


x€ asx € & and pas = fyy € a and y < x}. 
We call the special function’ (x) non-trivial if the function 
(4) m(x) = card pyres) 


is not bounded. Every non-trivial special function has therefore an infinite 
domain (the converse is false as is illustrated by the identity function) and 
every special retracing function is non-trivial. The function described in 
Example 6 is non-trivial and special, but not a retracing function. Let 


(5) Tt, = {xim(x) = n}. 


The formulas (3), (4), and (5) associate with every special function f(x) a 
sequence {r,} of sets; this sequence will be called the sequence associated 
with f(x). The sets ro, 71,... are mutually disjoint for any special function 
f(x); if f(x) is non-trivial they are non-empty. In the special case that f(x) 
is also partial recursive, the associated sequence {r,} is a r.e. sequence of 
mutually disjoint non-empty r.e. sets; in that case there is a recursive function 
t(m, x) such that 7, = pt(n, x) for every n. Finally, if f(x) is a special retracing 
function, every infinite set retraced by f(x) contains exactly one element of 
each of the sets ro, 71,.... 


PROPOSITION P2. Every recursive set is retraceable and every retraceable set 
is introreducible. 


Proof. The first part is obvious. Every finite set is trivially introreducible. 
Let a be an infinite retraceable set, t(x) the function associated with a special 
retracing function of a and £6 an infinite subset of a. We claim that a is 
reducible to 8. Put 


g(x) = (uy)[x < y and y € §], 
then 6g = ¢, pg C ét and g(x) is recursive in ¢cs(x). Moreover, 
xE€aexe€ {yy € a and y < g(x)} = pigs; 
hence, ¢Ca(x) is recursive in cg(x). 
Proposition P3. Every introreducible set is recursive or immune. 


Proof. Let a be introreducible, but not immune. Either a is finite, hence 
recursive, or a has an infinite r.e. subset. In the latter case a also has an 
infinite recursive subset, say 7. In that case a is recursive, because it is reducible 
to 7. 


Coro.tiary. Every retraceable set is recursive or immune. 


Proposition P4. The family of all principal functions of infinite retraceable 
sets 1s closed under composition. 
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Proof. Let 7 be the range of hats, where a and 8 are infinite retraceable 
sets. Since both h, and hg are strictly increasing, so is hahg; thus h, = Aahs. 
Let f(u) be the function defined on y — (4,(0)) which maps 4,(x + 1) onto 
h, (x). To prove that 7 is retraceable it suffices to show that f(u) has a partial 
recursive extension. Let ¢(x) be the function associated with a special retracing 
function of a and let r(x) be a retracing function of 8. Put 


m(u) = card px, for u € at, 
o = {ulu € dt and t(u) > O and m(u) € Gr}. 


Then m(x) is a partial recursive funcion and @ a r.e. set. We write m = m(u), 
keeping in mind that m depends on u. For every element u in o the m elements 
a,(0),...,a,(m — 1) such that 


Pu) = (a,,(0), “ee » a, (m ag 1)) 
a,(0) < a,(1) <... < a,(m — 1) 


can be effectively found. Let g(u) = a,r(m) for u € o, then g(u) is a partial 
recursive function. In the special case u = h,(x + 1) we have: 
a,,(0) = h.(0), ee » 2,(m 7 1) = ha(m _ 1), 
m = hg(x + 1), r(m) = ha(x), 
g(u) = a,r(m) = har(m) = hahg(x) = h,(x) = f(u). 


Thus g(u) is a partial recursive extension of f(x). 


CoROLLARY. Every infinite retraceable set has c infinite retraceable subsets. 


Proof. Let a and o be infinite retraceable sets and a, = phah,, then a, is 
an infinite retraceable subset of a. We know from the introduction that ¢ 
can be chosen in c different ways. The desired result now follows from the 
fact that different choices of o yield different sets a,. 


Proposition P5. Every retraceable set with a r.e. complement has a recursive 
special retracing function. 


Proof. Let a be retraceable and a’ r.e. If @ is recursive, the function p,.(x) 
is partial recursive and the function f(x) such that 


f(x) = pa(x) for x € a; f(x) = x for x¢a, 


is a recursive special retracing function of a. Now, assume a is not recursive; 
in this case both a and a’ are infinite. Let r(x) be a special retracing function 
of a and let a’(x) and d(x) be one-to-one recursive functions ranging over 
a’ and ér respectively. Put 6(2n) = a’(n), b(2n + 1) = d(m), then every 
number occurs at least once in the sequence 6(0), b(1),.... Let us call the 
number x an a’-number, if (um)[x = b(m)] is even, otherwise a d-number. 
Observe that every element of a is a d-number, while a’ contains both d- 
numbers and a’-numbers. Let 
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jr(x) if x is a d-number, 
\x if x is an a’-number. 


f(x) = 


Since we can effectively determine for every number whether it is a d-number 
or an a’-number, we see that f(x) is a recursive retracing function of a. The 
function f(x) is downward, because r(x) is downward; pf C §f since of = e. 
Thus f(x) is a special function. 


PROPOSITION P6. Two disjoint retraceable sets have a common retracing 
function if and only if they are separable. 


Proof. Let a, and a, be disjoint and retraceable, r;(x) and r2(x) retracing 
functions of a; and az respectively. We may assume without loss of generality 
that a and a: are non-empty; put m, = min a, m2; = min a. Assume ade, 
say a, C 81, a2 C Be, where 8; and @; are disjoint and r.e. Define 


nie « jri(x) for x € B, - Sri, 
a"  lre(x) for x € Bs + bre, 


then r;(x) retraces both a and 8. To prove the converse, assume a; and ag 
have a common retracing function. It is readily seen that this implies that 
a; and a, have a common special retracing function say r(x). Let t(x) = r*(x). 
Put 
By 
Be 


then a; and a2 are separated by the disjoint r.e. sets 8; and 82. 


{xix € 6t and min py) = m,} + (m), 
{xix € 6t and min pysz) = m2} + (mz), 


5. Theorems. 


THEOREM T1. There are exactly c retraceable sets; among these No are recursive, 
c hyperimmune and c immune, but not hyperimmune. 


Proof. Let us call a sequence {a,} of numbers decimal if 1 < ao < 9 and 
0 <a, <9 for m > 1. In the introduction we defined a one-to-one corre- 
spondence between the family of all decimal sequences and a certain class 
of ¢ infinite retraceable sets; we denote this correspondence by ®. If 
¢= @<a,>, 


h,(n) = 10° “aot 10"! -a,+ ees + dy. 


This implies that @ < a, > is a recursive set if and only if a, is a recursive 
function of m. There are c decimal sequences {a,} in which a, is not a recursive 
function of m; the images of these sequences under ® are therefore retraceable 
sets which are immune. None of these c sets is, however, hyperimmune, since 
each contains exactly one element of (0,...,9), exactly one element of 
(10,...,99) etc. We proceed to prove that there exist c retraceable sets 
which are hyperimmune. It suffices to prove the existence of a single retrace- 
able set which is hyperimmune. For if @ is such a set, @ has c infinite retraceable 
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subsets by the Corollary of P4, and every infinite subset of a hyperimmune 
set is again hyperimmune. With every sequence {a,} of numbers we associate 
a set 


a= VW <a, > = (do, Goi, Aodid2,.. .). 


Let § denote the family of all strictly increasing sequences of primes. If 
a = WV <a, >, where {a,} € §, we can for every element x € a — (do) obtain 
Pa(x) from x by dividing x by its greatest prime factor. Thus ¥ maps § onto 
a class of infinite retraceable sets. Let po, :, . . . be the sequence of all primes 
arranged according to size. Suppose ¢(m) is the principal function of a hyper- 
immune set. Put g, = Pun, 9 = VY < qd, >, %. = the principal function of 6, 
then {g,} € § and @ is an infinite retraceable set. The function ¢(m) is not 
bounded by any recursive function, because it is the principal function of a 
hyperimmune set (7, Theorem 21). Taking into account that t(m) < qn < fa, 
it follows that 7, is not bounded by any recursive function. This implies that 
6 is hyperimmune. 

In the following we write a =, 8 if a and 8 are (Turing) reducible to each 
other, that is, if c.(x) and cg(x) are recursive in each other. We shall use the 
well-known functions j(x, y), k(z), /(z) defined by 


jlx,y) =x+3(x+ y(x +y¥4+ Dd), 
k(z) (ux) (Ay) Lj (x, y) 
l(z) = (uy) (ax) [j(x, y) 


z], 


z). 


Il 


THEOREM T2. Every degree of unsolvability can be represented by a retraceable 
Set. 


Proof. Let a be any set. We wish to associate with a a retraceable set 8 
such that 6 = 7a. If a is finite we can take 8 = a; if 0 € a we can replace 
a by a — (0), since a =7a — (0). We may therefore assume without loss 
of generality that a is infinite and does not contain 0. Let a, = ha(m), then 
ao > 0, and hence a, > n. Put 


(6) bo = do, nar = (bn, Gnsi), B = pdr. 
Before proving that § satisfies the requirements we first observe that 
(7) S<h<a <...5:6>8 


For it follows from the definition of j(x, y) that x < j(x, y) for y # 0. Thus, 
since @dya41>"+1>0, we have bd, < 7 (bp, dni1) = dni; moreover, 
bo = do > 0. Hence the first part of (7) holds and this implies }, > n. The 
function 


by for x = by 
f(x) = Az) for x + do 


is a recursive extension of g(x) in view of (6). This shows that 6 is retraceable. 
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The relation a, > x implies 


(8) xEaPxe oS ee "3 
x€ asx € (bo, 1(b:),..., 1(bz)). 
The elements bo,...,5, can be found by computing cs(0), cs(1),... until 


the value 1 has shown up x + 1 times. Hence c,(x) is recursive in ¢g(x) by 
(8). From b, > y we infer 


(9) y € Bey € (bo, bi,..., d,). 

In view of (6) the elements do, d;,..., 6, can be effectively computed from 
@o, @1,....,@y; but do, a:,...,a@, can be determined by computing c,(0), 
¢a(1),... until the value 1 has shown up y + 1 times. Thus ¢s(x) is recursive 


in C(x) by (9) and @ is a retraceable set such that 8 =,ra. 


CoROLLARY. Every degree of unsolvability higher than the lowest degree (that 
is, than the degree consisting of all recursive sets) can be represented by an immune 
Set. 


Remark. The proposition that there exist exactly ¢c retraceable steps can 
also be obtained as a corollary of T2. For every degree of unsolvability 
consists of XN» sets and the total number of sets is c. Thus there are c degrees 
of unsolvability, hence, at least c (and therefore exactly c) retraceable sets. 

Among the degrees of unsolvability those which can be represented by 
r.e. sets are of special interest. These degrees can, of course, also be defined 
as those which can be represented by sets which a r.e. complement, because 
a =,7a’ for every set a. We shall see in T3 that every degree of this type 
can be represented by a retraceable set with a r.e. complement. For every 
function f(x) we define 


f, = {x|Gy)[x < y and f(x) > f(y)]}. 


The set o is a deficiency set, if ¢ = {, for some one-to-one recursive function 
f(x); o is a deficiency set of the infinite r.e. set a if ¢ = {, for some one-to-one 
recursive function a(x) ranging over a. 


THEOREM T3. Every degree of unsolvability which can be represented by a 
r.e. set can also be represented by a r.e. set with a retraceable complement. 


Proof. Let a be a r.e. set. We wish to associate with a a r.e. set 8 such 
that 8 =ra and @’ is retraceable. If a is recursive, a’ is also recursive and 
therefore retraceable. We may therefore assume that a@ is not recursive. Let 
a, be a one-to-one recursive function ranging over a and let 6 = ¢,. Then 8 
is a r.e. set such that 8 = 7a by (2, Theorem 1). We claim that 8’ is retrace- 
able. Let us denote the finite sequence {ao,...,@mn} by =(m). Our proof is 
based on 


§(a) a, occurs in 3(x — 1), | 
(b) a, < each of its successors in 2 (x) 


(10) x € p'|s<xands € nad | 
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To establish (10) assume x € @’, that is, (Wy)[x < y= a, <a,]. If x = 0 we 
interpret =(x — 1) as the empty sequence. In that case (a) is false for every 
z and so is s < x and z € 8’. We may therefore assume x > 0. Suppose 
z <x and zg € @’. Then z < x — 1 and a, occurs in 2(x — 1). Moreover, 
since z € 6’, a, is less than each of its successors in {a,}, in particular less 
than each of its successors in =(x). Thus z satisfies both (a) and (b). Con- 
versely, assume that z satisfies (a) and (b). Then z < x because z satisfies 
(a), and 

(11) OS Gen Ge < Gace, ss: Ge S Ge 


because z satisfies (b). Also 
(12) Go < Geass for ¢ > 1, 


in view of x € 8’. Combining (11) and (12) we see that z € 6’. This completes 
the proof of (10). Whether x € 6 or x ¢ 8, the set 


{zla, satisfies (a) and (b)} 


can be effectively obtained from x. Thus there is a recursive function ¢(x) 
such that 


Puz) = {zla, satisfies (a) and (b)}. 


By (10) 
x € B’ = pus) = {zig < x and 2 € #’}. 


We conclude by P1 that @’ is retraceable. 

Let a be any r.e., but not recursive set and let 8 be one of the deficiency 
sets of a. We have seen in the proof of T3 that 8’ is retraceable and it was 
shown in (2) that 8 is hypersimple. The set §’ is therefore an example of a 
hyperimmune retraceable set with a r.e. complement. By P1 there exist 
retraceable sets which are immune, but not hyperimmune. The question 
arises whether such sets can have a r.e. complement. The answer is negative 
according to the following theorem. 


THEOREM T4. Every retraceable set with a r.e. complement is recursive or 
hyperimmune. 


Proof. Let a be retraceable and a’ r.e. If a is finite, it is recursive. We may 
therefore assume that a is infinite. All we have to show is: 


(13) a not hyperimmune => a recursive. 


The conclusion of (13) is equivalent to the assertion that a is not immune, 
in view of the retraceability of a. Since a is infinite, a is not immune if and 
only if a has an infinite r.e. subset. Moreover, a has an infinite r.e. subset 
if and only if there is an effective procedure which, given any number &, 
enables us to find & distinct elements of a. Instead of proving (13) we can 
therefore prove: 





(1 





RETRACEABLE SETS 367 


(14) Jf ais not hyperimmune there is an effective procedure such that given any 
number k we can find k distinct elements of a. 


Assume a@ is not hyperimmune. Using the fact that a is infinite we infer that 
there is a discrete array each of whose rows contains at least one element 
of a, say {5,}. Let k be any number. Put m = max (5) + ... + 4), then 
bo + ... -+ d contains at least k + 1 elements of a which are < m. Each of 
the elements 0, 1,...,, — 1 occurs in at most one row of {6,}; thus, at 
most finitely many rows of {6,} contain an element < m, and we can effectively 
find the first row of {6,} all of whose elements are > m,, say 


56 = (d(0),...,d(s)), where d(0) < d(1) <... < d(s). 


Note that the elements of 6 and s depend on k. Row 6 contains at least one 
element and at most s +1 elements of a. Let d(w) = mina-é. The set a 
has a recursive special retracing function, since a’ is r.e., say r(x); the function 
t(x) = r*(x) is therefore also recursive. Put 


Fo = Piao) *Pta(i)* «+++ *Pta(s)- 
We now infer from 


d(w) € a= paw) = ly\y € a and y < d(w)} 
d(w) € 6=>d(w) > m => card prw) > k 
that 
oo C Pracw) C @ and card pra) > k. 


If card oo > k we are through, because oo C a. If card oo < k at least one 
of the sets p:aco), Pract), - « + » Ptats) GOES not contain the k smallest elements of 
a; since d(0),...,d(s) are all > m this means that at least one of these 
s + 1 elements does not belong to a. Let a’(m) be a recursive function genera- 
ting a’; by computing a’ (0), a’(1), . . . we can effectively find the first element 
of {a’(m)} which belongs to 6, say d(p). Put 


1= I] P ta(t)s 


i ranging over (0,...,5) — (p), then o; C pracw) C a and card pracw) > k. 
Again, if card o,; > k we are through; if card o, < k we generate a’ = (a’(0), 
a’(1),...) until an element of a’-5 — (d(p)) is obtained, say d(qg); we then 


define 
oy = I] P tats 


i ranging over (0,...,5) — (p,q), etc. The set 5 contains only s + 1 ele- 
ments, hence the procedure must terminate. This means that after a finite 
number of steps we obtain a set o, such that ¢, C paw) C a and card o, > k. 
Then we have found k elements of a, though in general, we don’t know 
whether o, = piaiw). Thus (14) is proved. 


CoROLLARY. There exist immune sets which are not retraceable, but have a 
r.e. complement. 
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Proof. lf § is simple, but not hypersimple, ¢’ satisfies the requirements. 


Remark. Let us call a simple set o extendible if there is a simple set 7 such 
that « C + and r — ag is infinite. A simple, but not hypersimple, set is always 
extendible. For suppose {é,} is a discrete array each of whose rows contains 
at least one element of the complement of the simple set ¢. Put r = ¢ + L752, 
then r is a simple set which includes ¢ and is such that r — a is infinite. The 
question was raised (9, p. 215, Problem 9), whether there exists a simple 
set which is not extendible. We have just shown that if such a simple set 
exists, it must be hypersimple. We now prove that the hypersimple sets 
discussed above, namely, those with a retraceable complement, are not 
candidates for non-extendibility. For, assume ¢ is hypersimple and ¢’ is 
retraceable. Let r(x) be a recursive special retracing function of ¢’ and let 
{7,} be the sequence of sets associated with r(x). Put ¢* = ¢ + Ura, then 
{* is a hypersimple set such that ¢ C ¢* and ¢* — ¢ is infinite. 


THEOREM T5. There exist two retraceable immune sets a and 8B such that 
(1) alB, (2) a+ B ts not retraceable, and (3) a + 8 is introreducible. 


Proof. Let {f,} be a sequence of numbers chosen from (l,..., 9) with 
fo = 2 and such that f, is not a recursive function of m. Put 


ado = fo, an41 = 10 -a, + fai, a= pda,, b,, = 10%, 8 = pb,. 


We claim that a and § satisfy the requirements. The set a is clearly retrace- 
able and immune; 10* is a strictly increasing recursive function which maps 
a onto 8 and hence £8 is also retraceable and immune. Put 7 = (10, 10?,.. .), 
then a and 8 can be separated by the recursive sets yn’ and 7; this proves (1). 
We define 

6, = (10° + 1,10° + 2,...,10%"' — 1). 


Note that a has exactly one element in common with each row of the discrete 
array {6,}. From x < 10*—' for x > 2 we conciude: For every number x > 2 
there is exactly one number y such that 


(15) x< 107" <y < 10° and yEa. 


Suppose a + 6 were retraceable and g(x) were one of its retracing functions. 
Put 


yo = 2, v1 = g(107), Yaar = g(10"). 


We wish to prove that y, is a strictly increasing recursive function all of 
whose values belong to a. First of all, 2 € a and 107 € 8 Ca+ 8. Thus y; 
is defined; in fact, since 10? is the minimum of 8, y; is the unique element 
of a which lies between 10 and 10%. Hence yo < y:, where yo, y1 € a. Now 
assume 2 < y, € a, then 10” € 6; by (15) there is exactly one number z € a 
such that 

(16) Yn < 10%"! < z < 10”. 
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There is no number z € 6 which satisfies (16); the unique number z € @ which 
satisfies (16) is therefore 
g(10"*). 


Thus y, is defined and y, < yn41 € a. The function y, generates therefore an 
infinite recursive subset of the immune set a; this is a contradiction and hence 
(2) is correct. The sets o; and oe are recursively equivalent if oz is the image 
of o; under some partial recursive one-to-one function. We recall that 8 is 
the image of a under the recursive one-to-one function 10*. To prove (3) it 
is therefore sufficient to prove the following lemma: if the retraceable sets o; 
and o; are separable and recursively equivalent, their sum is introreducible. Assume 
the hypothesis of the lemma. Let r,(x) and r2(x) be special retracing functions 
of o; and 2 respectively, t;(x) = r:*(x), to(x) = r2*(x). Suppose @, and @, are 
disjoint r.e. sets such that o, C 6, and oe, C 62; assume finally that p(x) isa 
partial recursive one-to-one function related to o; and eo: by o; C 6p and 
a: = p(o,). To show that o, + a2 is introreducible, assume that y is an 
infinite subset of o; + oo. Then y C 6; + 62 and y = 7-6; + 7-6. Define 


1 = YO + P"'(y 82), V2 = 7°02 + Ply -h). 


It follows that y; is an infinite subset of o; and y:2 an infinite subset of oe. If 
we could compute c,(0), c,(1), . .. we could also generate the sets y-6:, y -02, 
b(y-9:), p-"(y-82) and hence y; and y2. For any number x, let the smallest 
numbers y and z such that 


y€y and y>-x and z€ y2 and z>*x 


be denoted by (x) and m2(x) respectively. Thus ;(x) and m2(x) are every- 
where defined functions recursive in ¢c,(x) such that 


m,(x) € y1 and x < m,(x) and m2(x) € y2 and x < m2(x). 
This implies 


x<m (x) €o, and x € 1X € pum, 
x<m(x) Eo. and x € 2% E Ptona(z)- 


We conclude that the characteristic function of o; + 2 is recursive in c,(x). 


CorROLLary 1. The product of two retraceable sets is again retraceable, but the 
sum of two separable retraceable sets is not necessarily retraceable. 


CoROLLARY. 2 There exist introreducible sets which are not retraceable. 


A sufficient condition that two distinct retraceable sets have a common 
retracing function is that they are separable (by P6), but this condition is not 
necessary. For the infinite recursive sets (0, 1, 2,3,5,7,9,...) and (0, 1, 2,3, 
4,6,8,...) have a common retracing function and are not disjoint. Let us 
for any set o and any number m denote the set {x| x € o and x < m} by 
co<m>. 














370 J. C. E. DEKKER AND J. MYHILL 


THEOREM T6. Let a and 8 be distinct retraceable sets. Then a and B have a 
common retracing function if and only if either 


(a) a-8 =@ and als, or 
(b) a-8 # @ and max (a-8) = k=> 
la<k>=68<k> anda-a<k>|B—B<k>}. 


Proof. Let a # 8. Suppose a and 8 have a common special retracing function, 
say r(x); put t(x) = r*(x). We claim that a-8 must be finite. For if a-8 is 
infinite there is a strictly increasing function ranging over a-8 say c(m). Since 
c(m) € @ for every 7, precn) C @ for every n; moreover, for every x € a there 
is an m, such that x < c(m,) € a. Hence a = => Pte(n)» Similarly one proves 
B= Xo Pretn)» Hence a = 8, contrary to the assumption a # 8. We conclude 
that a -@ is finite. Eithera-8 = ¢ora-8 # ¢. In the former case a'8 by P6. In 
the latter case we put 


(17) k = max (a°8), a =a-—a <k>, Bi = 8 — 8B <k>, 
a= min a, bo = min Bi, 
and 
|r@) for x € ér — (0,..., 2, ao, bo), 
ri(x) = 4a for x = ao, 


bo for x bo. 


Every set obtained from a retraceable set by omitting finitely many of its 
elements is again retraceable. Thus a; and §; are disjoint retraceable sets. 
They have the common retracing function r,(x). Hence a\8; by P6. To 
prove the converse we assume that a and 8 are retraceable sets satisfying 
(a) or (b). If they satisfy (a) we are through. If they satisfy (b) we define 
k, a, 81, @o, and bo as in (17). The sets a; and 8; are retraceable, because a 
and 8 are retraceable; since a;|\8, they have a common retracing function, say 
r(x). Leta <k> = (co,...,¢,), where & <0, <...<c,. Put 


r(x) for x € ér — (0,..., 2, do, do), 
nih o | Cp for x € (do, do), 

’ |G for x = G41 andO0O<n<p-—l, 
co §©=. for x = &. 


Then ro(x) is a common retracing function of a and 8. 

Let r(x) be any retracing function and 7, the class of all infinite sets 
retraced by r(x). We know from the Examples 1-5 that given any of the 
cardinalities 1, 2,3,..., No, c, the retracing function r(x) can be chosen in 
such a manner that 7, has the given cardinality. Assuming the continuum 
hypothesis, these are obviously the only values which card 7, can assume. 


THEOREM T7. Jt can be proved without the continuum hypothesis that the 
class of all infinite sets retraced by a retracing function r(x) is either finite or 
denumerable, or has cardinality c. 
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Proof. All references in this proof are to Sierpinski’s book (8). We use the 
numbers 0, 1,... as indices of the elements of a sequence, while Sierpinski 
uses 1,2,... for the same purpose; this difference in notation is, however, 
non-essential for the theorems in Sierpinski’s book which we shall use. Through- 
out this proof the agreement that only collections of non-negative integers 
are referred to as sets is suspended; any collection of points in a metric space 
is called a set. Let ©, be the space consisting of all sequences of real numbers, 
where for p = {p,} and q = {g-}, 


a le 
oP, @) 2, x!(1 + Pe — el) 
Also let 1 be the space consisting of all sequences of non-negative integers 
with the same distance function as €,. €, is a metric space (8, p. 134) and N, 
is a subspace of €,. We need three lemmas. 


LeMMA 1. The sequence {p"} = {{p."}} of points in N. converges to the 
point p of ©. if and only if 


(Vx) (St) (Wn)[n > t= p.” = p-). 


Proof. The sequence {p"} of points in ©, converges to the point p of &, 
if and only if for every x, 


lim p,” = p,; 
Rao 


(8, p. 135). The desired result follows from the fact that p" € Jt. means that 
p." is a non-negative integer for every x. 


LEMMA 2. It can be proved without the continuum hypothesis that every closed 
set in N,, is finite, denumerable or has cardinality c. 


Proof. Let No denote the set of all points {g,} in N. which are ultimately 
vanishing sequences (that is, for which g, = 0 for almost all x). Let p = 
{pr} € N.. Put 


m [b: for x < n, 
q: = 


| q = {gz}, 

0 for x > n, 

then {g"} is a sequence of points in 9M» which converges to p. Thus , is the 
closure of its denumerable subset Mo; hence Vt, is separable. It follows from 
Lemma | that if a sequence of points in N,, converges in &,, its limit belongs 
to N.. Thus NR. is a closed set in the metric space €,. However, ©, is com- 
plete (8, pp. 190, 191), hence N,, is also complete. Let 8 be a closed set in 
N., then B is a Borel set in a separable complete space, hence 


(18) card 8 > X= card BSB =c 


by (8, p. 228, Corollary 2, Theorem 120). This means that 8 is finite, denumer- 
able or has cardinality c. Moreover, (18) can be proved without using the 
continuum hypothesis. 
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Lemma 3. Let A be a denumerable collection, let U be a family of finite sequences 
of elements of 4 and let B be a family of infinite sequences of elements of A. 
Assume, furthermore, that g = {g.} belongs to B if and only if all its initial 
segments {g:}2<n belong to A. Then it can be proved without the continuum 
hypothesis that B is finite, denumerable or has cardinality c. 


Proof. We may clearly restrict ourselves to the special case A = ¢; in this 
case % is a set in Nt, and by Lemma 2 it suffices to prove that % is closed. Let 
the point g = {g,} in N, be a limit point of B and let {g,"} be a sequence of 
points in 8 which converges to g. By Lemma | there is a function ¢(x) such 
that 
(19) n> t(x) => g.”" = ge. 


If g were not in %, it would have an initial segment not belonging to A, say 
{gz} 2<m- Thus 


(20) {gr} 2<m ¢ A. 


Let ¢ be the number which exceeds the maximum of ¢(0),...,¢(m) by 1, 
then ¢ > ¢t(x) for x < m. Hence, by (19), g-‘ = g, for x < m, that is, 


(21) {ge }e<m = {22} r<m- 


We now have a contradiction. For, since the left side of (21) is an initial 
segment of the point g‘ in %, it belongs to M; on the other hand, the right 
side of (21) does not belong to & by (20). We conclude that g € 8. Hence 
% is a closed set in N.. 

We claim that T7 follows from Lemma 3. Assume that f(x) is any function 
with an infinite domain and B the class of all infinite sets 8 of non-negative 
integers such that f(x) is an extension of s(x). Since T7 concerns the special 
case that f(x) is partial recursive and B non-empty, it suffices to prove that 
B is finite, denumerable or has cardinality c. Let 8 denote the family of the 
principal functions of all sets in B and & the family of all strictly increasing 
finite sequences {xo,...,x,} such that 


a = (xo,..., Xn) => f(x) is an extension of p(x). 


Clearly, g = {g-} € % if and only if all its initial segments belong to A. Thus 
it follows by Lemma 3 that the family % is finite, denumerable, or has car- 
dinality c; the same is therefore true for the class B. 


Remark. Lemma 3 can be used to establish the following theorem about 
graphs. Let T be a graph with denumerably many edges; then it can be proved 
without the continuum hypothesis that the number of one-way infinite paths of T 
is finite, No or c. For let A denote the collection of all edges of T', A the family 
of all finite paths of T and % the family of all one-way infinite paths of I. 
Then Lemma 3 is applicable, since the infinite sequence {pop:, pips, . . .} 
of edges belongs to % if and only if all its initial segments {pop:, . . . , PaPnsi} 
belong to &. 
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6. Concluding remarks. We have not been able to characterize all 
partial recursive functions which are retracing functions, that is, which retrace 
at least one infinite set. Let us denote by 7, the class of all infinite sets retraced 
by f(x). For every retracing function f(x) there is a non-trivial special partial 
recursive function r(x) which is a restriction of f(x) and which has the pro- 
perty 7, = T,. We can therefore restate the problem as follows: find a 
necessary and sufficient condition that a non-trivial special partial recursive 
function be a retracing function. We mention a sufficient condition which is 
not necessary. Jf a non-trivial, special, partial recursive function has a finite 
initial set and 1s finite-to-one, it is a retracing function. For assume f(x) satisfies 
the hypotheses. Let {7,} be the infinite sequence of (mutually disjoint non- 
empty) sets associated with f(x), then {7,} is a sequence of finite sets. Define 
a binary relation R by: yRx if y = f(x). Since there corresponds with every 
element x of 7,41 at least one (in fact, exactly one) element y of 7, such that 
yRx, it follows by Kénig’s Lemma (4, p. 121 or 5, p. 81) that there exists an 
infinite sequence {a,} such that for every n, a,Ra,4:. Then f(x) retraces the 
infinite set (a@o,a@;,...) and the proof is completed. This immediately raises the 
question: “‘Does every function f(x) which satisfies this sufficient condition 
retrace at least one infinite recursive set?’’ One might be tempted to conjecture 
that the answer is affirmative, because Brouwer’s proof (3, p. 42) of his fan 
theorem, that is, the intuitionistic form of Kénig’s lemma, is in some sense 
constructive. Though it can hardly be doubted that a close connection exists 
between K6nig’s lemma and the subject of the present paper, the authors 
have, however, been unable to substantiate this conjecture, even in the special 
case that given any x € pf the cardinality of the set f-'(x) can effectively be 
found. In this case {7,} is a discrete array. 

Added May 31, 1958. It is proved in a paper of R. M. Friedberg which will 
appear in the Journal of Symbolic Logic that there exists a simple set which 
is not extendible. 
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ON CONJUGATES IN DIVISION RINGS 
CARL C. FAITH 


Let D be a non-commutative division ring with centre C, and let A be a 
proper division subring not contained in C. In (4) Cartan raised the question: 
is it ever possible for each inner automorphism of D to induce an auto- 
morphism of A? As is well-known, Cartan (4, Théoréme 4) with the aid of his 
Galois Theory answered this negatively in case D is a finite dimensional 
division algebra. Later Brauer (3), and Hua (8), using elegant, elementary 
methods, extended Cartan’s theorem to arbitrary division rings. 

Let D* denote the group of all non-zero elements of D, and let H(A) be 
the subgroup of all elements of D* which effect inner automorphisms of D 
that map A onto A. In this note I prove the following extension of the Cartan- 
Brauer-Hua theorem: H(A) cannot have finite index in D*. This theorem 
implies (and is implied by) the condition: D always contains infinitely many 
subrings xAx~' isomorphic (or conjugate) to A. 

Although this result implies that every finite division ring is commutative, 
its proof does not constitute a new proof of this old theorem (17) of Wedder- 
burn’s. As a matter of fact, the proof requires not only Wedderburn’s theorem 
but also Jacobson’s theorem (9) on algebraic division algebras over a finite 


field. 


1. Conjugates in division rings. If S is any subset of a division ring D, 
the centralizer of S in D is the set S’ = {x € D\sx = xs for all s € S}. When 
S consists of the single element @, #’ denotes this division subring. S”’ is the 
division subring (S’)’. If A is any division subring of D, A* represents the 
multiplicative group of non-zero elements of A. C will always be the centre 
of D. 

The group of all automorphisms of D which leave fixed each element of A 
is signified by G(A); J(A) is the subgroup of those inner automorphisms of D 
which belong to G(A). The group G(A) is outer when J(A) is the identity 
subgroup (e). Since J(A) is isomorphic toV*/C*, whereV = A’, one deduces 
from the following proposition that if J(A) is a finite group # (e), then A’ 
is a finite field. Thus when C is not a finite field, J(A) is finite if and only if 
G(A) is outer. 


ProposivTion 1. If VY is any proper division subring of a division ring D, 
then‘\7* has finite index in D* if and only if D is a finite field. 
Proof. lf D is a finite field there is nothing to prove. Conversely, if D is not 
a finite field, then D is not finite (17). Suppose V’* has finite index in D*. Then 
Received April 22, 1957. 
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V* necessarily has infinitely many elements; for each @ € D, there exist 
elements 6;, 52, and 6 € V, 6; # 62, such that 6 + 6, = 6(@ + 6.). But then 
(1 — 6)@ €V. Since 6; # 52, 6 cannot be 1. Thus (6 — 1)-' €V, so that 
6€V. Hence D =V, andV is not a proper subring. 

Proposition 1 actually implies that a non-central element @ of a non-com- 
mutative division ring D has infinitely many conjugates in D. This is Her- 
stein’s theorem (7). As several authors (15, 16) have remarked, the Cartan- 
Brauer-Hua theorem is not needed in the proof. 

If A is an arbitrary division subring of D, there is occasion to consider 
isomorphisms of 4(@) which leave fixed the elements of A. Such an isomorphism, 
often called an isomorphism of A(@) with respect to A, when induced by an 
inner automorphism of D is effected by an element x € A’. If @ commutes 
with every element of A’, that is, if @ € A”, then no non-trivial isomorphism 
of the kind mentioned exists. If A’ is finite, then the number of conjugates 
x~@x, with x € A’, is also finite. In all other cases, however, @ has infinitely 
many such conjugates, as can be deduced from the caseV = A’ of the next 
theorem, which has been obtained also by Kasch (11). 


THEOREM 1. Let D be a non-commutative division ring, and let 7 be an 
infinite division subring not contained in the center of D. Then every element 
6 in D which is outside of 7' possesses infinitely many conjugates x~'Ox with 
x EV. 

Proof. lf @ has only finitely many conjugates with x €V, then A* has 
finite index inV*, where A = V7/\ 06’. Since V is not finite, by Proposition 1, 
A must be all of V. But then VY’ = A’. Since @ € A’ this implies that @ € V’, 
contrary to its choice. Thus @ must have infinitely many conjugates x~'@x, 
with x €Y. 

The following corollaries are all proved under the assumption of Theorem 1, 
that is,V = A’ is infinite. In case D is an algebraic division algebra, Jacobson’s 
theorem (9) makes this assumption on A’ superfluous. 


Coro.Liary. Let [0] denote the set of elements in D of the form x6x~', with 
x € A’. Then, if [0] contains an element other than 6, then |@| contains infinitely 
many elements. 


Proof. Since [6] # 0, then @¢ A’”’, so by Theorem 1, the set [6] is infinite. 

If [6] is finite for every @ © D, then D = A”. Thus A’ = C, that is, G(A) 
is outer. This yields the next corollary, which emphasizes the severity of 
Nobusawa’s locally finite condition (13). 


Coro.uary. If the set of conjugates of 0 with respect to A is finite for each 
6 € D, then G(A) is otater. 


Let X be indeterminate over A, and let A[X] denote the polynomial ring 
consisting of all finite sums of elements of the form aXbX ...cXd, with 
a,b,...,c¢,d, € A. If @€ D is a zero of a polynomial in A[X], then so is 
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every conjugate of @ with respect to A. Thus the next corollary is a conse- 
quence of Theorem 1. When A = C it specializes to a corollary of Herstein’s 


(7). 


Coro.iary. Jf at least one zero of a polynomial p(X) € A[X] lies in D but 
outside of A", then p(X) has infinitely many zeros in D. 


The next theorem provides another generalization of Herstein’s theorem. 


THEOREM 2. Let D be a non-commutative division ring with centre C, and let 
A be a proper division subring which contains C, and has finite dimension d 


over C. Then any element of D which lies outside of A possesses infinitely many 
conjugates with respect to A. 


Proof. H. Cartan (4) has shown under the hypotheses of the theorem that 
D has finite dimension over A’ equal to d, and moreover, that A” = A. Now 
A’ cannot be finite. Otherwise D is an algebraic division algebra over a finite 
field, and hence, by Jacobson’s theorem (9, Theorem 8), D is commutative, 
contrary to hypothesis. Theorem 1 now applies. 


2. Isomorphic division subrings. Let A be a division subring of a non- 
commutative division ring D, such that A is not contained in the centre C of 
D. Then the number of distinct isomorphisms of A of the form x~'Ax is equal 
to the index of V* in D*, whereV is the centralizer of A in D. That this index 
is always infinite can be obtained from the case A = D of the next proposition, 
as well as from Proposition 1. 


PROPOSITION 2. Let D be a division ring, and let A be a division subring with 
infinitely many elements. Let A be a division subring of D not contained in the 


centralizer A’ of A. Then there exist infinitely many isomorphisms of A of the 
form x“'Ax, with x € A. 


Proof. By Theorem 1, any @ in D not in A’ is moved infinitely many times 
by the inner automorphisms of D effected by the elements of A. Since A is 
not contained in A’, there must be infinitely many distinct isomorphisms of 
the form x~'Ax, with x € A. 

Let A be a proper division subring not contained in the centre C of a non- 
commutative division ring D. Let 


H(A) = {x € D*|xAx = A}, 
and consider the two conditions: 


(1) index of H(A) in D* = m < @; 
(2) index of 7* in H(A) =r < @; 


where V is the centralizer of A in D. I wish to prove that (1) cannot hold. 
Since Proposition 1 asserts that (1) and (2) cannot hold simultaneously, it will 
be useful to note some conditions under which (2) holds. Equation (2) can 
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be interpreted as follows: The inner automorphisms of D induce only finitely 
many distinct automorphisms in A. This case certainly occurs when A is a 
field having finite degree over A (\ C. More generally, since the centre Z of 
A is mapped onto Z by every automorphism of A, it is easily seen that 
H(Z) > H(A). Thus if Z is not contained in C, the case just mentioned for 
fields having finite degree produces the next lemma. 


LemMMA 1. Let A be a proper division subring of a non-commutative division 
ring D such that the centre Z of A has finite degree n > 1 over Z (\ C, where C 
denotes the centre of D. Then H(A) has infinite index in D*. 


The proposition below is actually a result of Brauer’s (3). It asserts that 
in general # and h + 1 cannot both belong to H(A). I include the proof for 
the sake of completeness. 


PROPOSITION 3. Let h and h + 1 be non-zero elements of D. Then both h and 
h + 1 belong to H(A), where A is a division subring of D, if and only if h lies 
in A, or in the centralizer of A. 


Proof. The sufficiency is evident. Let 6 € A. Then following Brauer (3); 


(i) hi = doh, where 59 = héh— € A; 
(ii) (h + 1)6 = 5;(4 + 1), where 6; = (A+ 1)6(h + 1)° € A. 


From (ii), 46 + 6 = 6,h + 61, so that by (i), (69 — 6:)k = (6; — 4). If for some 
choice of 6, 59 # 6;, then A = (69 — 5;)~'(6; — 8) lies in A. Otherwise, for all 
5, 59 = 5;. Then from (ii) 6 = 49. This is true for all 5. Thus / lies in the 
centralizer of A. This completes the proof. 


Now let A and fy both belong to H(A). Then if kh + ho € H(A), it is 
necessary that Aho~' + 1 € H(A). By the preceding proposition hh, lies in 
A, or A’. If further 4p € A) A’, then h lies in A, or A’. This produces the 


CoROLLARY. Jf h, ho, and h + ho all belong to H(A), A as in the preceding 
proposition, then hho lies in either A, or A’. If further ho lies in the centre of 
A, then h lies in A, or A’. 


Let D be a non-commutative division ring with centre C, and let A be a 
proper division subring not contained in C. Then there exist two elements 
v and d, vin D but outside of A, and d in A, such that vd # dv. Now Nagahara 
(12, Lemma 1) has shown that there is at most one c in d’ (\ A such that 
(v + c)d(v +c) lies in A. Now let (0+ c)d(v+c)—' be outside of A, 
c € d’(\ A. Then v + ¢ does not belong to H(A). It is natural to inquire 
whether there exist at most two c’s in d’ ()\ A, say c; and ¢2, such that v + cy 
and v + cz belong to the same right coset of H(A) in D*. This question is 
answered in the affirmative below. 


Proposition 4. Let D be a non-commutative division ring with centre C, and 
let A be a proper division subring not contained in C. Choose v in D outside of 
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A, and d in A, such that vd # dv. Let {c,} be a sequence of distinct elements of 
d’ (\ A. Then at most two elements of the sequence {v + c,} can belong to the 
right coset of H(A) in D* determined by any one of them. 


Proof. Suppose v + c, k = 1, 2,3, all belong to the same right coset of 
H(A) in D*, where the cq, k = 1, 2,3, are distinct elements of d’ (\ A. Then 
(v + c:)(v + ce)! = h, and (v + c3)(v + c2)—' = Ao, where A and ho belong 
to H(A). This implies that (1 — h)v = he, — c,, and (1 — ho)v = hoce — €;. 
Thus, 

(a) v 


— + (1 — hk) (c2 — G1), 
and, 


(8) v= —Ge+ (1 —_ ho)" (Ce - C3). 
Moreover, by equating v in (a) and (8), one obtains: 
(1 — h)(1L — ho)" = (C2 — a) (C2 — es) t= QE MA. 


Therefore, 
(vy) doo = h + (do — 1). 


From the corollary to Proposition 3, it follows, since neither dp nor dy — 1 
equals zero, that h(d) — 1)-' € A, whence h € A, or else h(dy — 1)“ € A’. 
Now A cannot belong to A, otherwise by (a), v must belong to A, contrary 
to its choice. Consequently h(dy — 1)—' € A’, so that h belongs to the division 
ring A generated by A’ and the elements ¢;, ¢2, and c;. But then (a) shows 
that v € A. Thus v € d’, that is, vd = dv, contrary to its choice. This com- 
pletes the proof. 


Evidently from this proposition, H(A) has infinite index in D* provided 
only that A is a proper subring of D not contained in the centre such that 
for some choice of d in A, d¢ C, the division ring d’ () A is infinite. Otherwise 
every d € A belongs to a finite division ring. Thus (directly, even without 
applying Wedderburn’s theorem) A is an algebraic division algebra over the 
finite field Z = A/\ A’. Then Jacobson’s theorem (9, Theorem 8) implies that 
A = Z, that is, A is commutative, so that d’ (\ A = A for each d € A. Con- 
sequently A must be a finite field of necessarily finite degree m > 1 over the 
subfield 4 (\ C. The first lemma now may be applied to complete the proof 
of the next theorem. 


THEOREM 3. Let D be a non-commutative division ring, and A a proper division 
subring not contained in the centre. Then there exist infinitely many distinct 
subrings xx. 


3. Applications. Let D be a non-commutative division ring, and let A 
and A be division subrings such that the following conditions are satisfied: 
(1) A does not contain A. 

(2) A’ does not contain A. 
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When A is infinite, (2) in conjunction with Proposition 2 implies that A has 
infinitely many isomorphisms of the form aAa~' with a € A. Then it is 
interesting to ask: Are there infinitely many different subrings aAa~' with 
a € A? Theorem 3 shows that the answer to this question is yes in case A 
contains A properly, inasmuch as (2) implies that A is not contained in the 
centre of A. This is a special case of (1) of the next corollary. 


COROLLARY 1. Let D be a non-commutative division ring, and let A and A 
be division subrings such that (1) and (2) above hold. Then D contains infinitely 
many different subrings of the form ada with a € A, provided any one of the 
following conditions are satisfied: 


(1) AC\A ts not contained in the centre of A. 
(Il) ZC\A ts infinite, where Z is the centre of A. 
(III) D has characteristic 0. 
(IV) D is algebraic over the prime subfield. 


Proof. (1) Let B = A(\A, and let Hy = H(B) (\ A*, Hs = H(A) 1) A*. 
It is easily verified that Hz D> Hy. Since B € A, and since B is not contained 
in the centre of A, Hx, and a fortiori H4, has infinite index in A*. This com- 
pletes the proof of (I). 

(II) Since A’ f\ 4 # A, and since Af\A # A, one can choose d € A, 
d¢A’,andv € A,v¢Asuch that od # dv. Now d’ (\ A(\ A contains Z ()\ A. 
By Proposition 4 the sequence {(v + c)A(v + c)~'} is infinite, c€ ZO\A. 
This completes the proof of (II). 

(III)-(IV). Let P denote the prime subfield of D. If D has characteristic 
0, then P is infinite, and so is Z (\ A. Hence (II) applies. If D is algebraic 
over P, then Jacobson’s theorem shows that P must be infinite. 


COROLLARY 2. Let D be a non-commutative division ring, and let F be a 
division subring whose centralizer F’ is not a field. Let d be any element of F’ 
not contained in its centre. Let R be any division subring of F, and let A = R(d) 
denote the division subring generated by R and d. Then there exist infinitely 
many different xAx~' with x € F’. 


Proof. Let A = F’. It is clear that (i) of Corollary 1 holds inasmuch as 
A is contained in the centralizer d’ of d, whereas A is not. Moreover, since 
d € AC\A, it follows that A‘) A is not contained in the centre of A. Thus 
(I) and (2) of Corollary 1 hold, so that its conclusion applies. 

It is an interesting consequence of this result that the extension D/F of 
the corollary possesses infinitely many intermediate division rings xA4x~ in 
the case R = F. That.the hypothesis on F’ is necessary in some cases for 
this situation to arise can be seen as follows: Let F be a division subring 
of D containing C, and having finite dimension over C. It is known (10, p. 
165) that there is a 1 — 1 correspondence between intermediate division 
subrings of F/C and those of D/F’, and that F’’ = F. Now suppose that 
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F’ is a field. Then, since F D> F’, F’ has finite degree over C. If further we 
assume that F’/C is separable, then this extension contains only finitely 
many intermediate fields. Then D/F contains only finitely many intermediate 
division rings. 

The Cartan-Brauer-Hua theorem has been generalized extensively to 
simple and other rings (1, 2, 6, 14). I have obtained an analogue of Theorem 3 
for these rings, and this has been announced in (5). The new results in (5) 
neither depend upon, nor contain, the results of the present paper. 
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ON THE m7*- AND )-CONJUGATES OF & SPACES 
H. W. ELLIS 


1. Introduction. Marston Morse and William Transue (9, 10), motivated 
by their theory of bilinear functions, introduced and studied vector function 
spaces called MT-spaces for which each element of the dual is represented 
by an integral with respect to a suitable (C) measure. In this paper the 
definition of real M7T-spaces is generalized to give spaces, called MT*-spaces, 
for which part but not all of the dual is of integral type and this part is 
called the MT*-conjugate of the space. In the theory of @ spaces (6) a con- 
jugate space is also defined. It will be called the \-conjugate below. An @ 
space is an MT*-space if and only if it contains &, the space of all continuous 
functions with compact support. The purpose of this paper is to compare the 
MT*- and \-conjugates of @ spaces that are MT*-spaces . 

When E is countable at infinity the M7*-conjugates and A-conjugates 
coincide. Conditions ensuring that the M7*-conjugate contains the A-con- 
jugate are given in Theorem 3.1, that the A-conjugate includes the M7*- 
conjugate in Theorems 4.1 and 4.2. Examples are given of spaces, including 
the space 2! (4, p. 13), for each of which the \-conjugate strictly contains 
the MT7*-conjugate. Theorem 4.2 shows that, for a class of spaces E more 
general than the spaces E that are countable at infinity, the A-conjugate 
always contains the M7*-conjugate. Whether or not this is true for all E is 
not known. This paper makes essential use of many of the results of references 
(3, 4) and (8). The author wishes to express his thanks to Professor Morse 
for making available pre-publication copies of (8) and (10). 


2. MT*- and &@-spaces and their conjugates. Let E be an arbitrary 
locally compact space and let R¥ denote the space of real valued functions 
on E. 

Definition 2.1. We call A a (real) MT™*-space if: (i) A is a vector subspace 
of R%, (ii) A contains &, (iii) A contains |x| if it contains x and (iv) there isa 
non-trivial, monotone semi-norm Yt“ defined on A. 

We note that a real M7*-space satisfies condition (i) in the definition of 
real MT-spaces apart from the requirement that & be dense in A (9, p. 168). 
If A’ denotes the topological dual of A then, as in (9, Corollary 10.1), for 
every ® € A’, the restriction of @ to R defines a Radon measure ¢ on E 
such that for every f € &, 


(2.1) a(f) = J sae. 
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The set of elements ® in A’ for which (2.1) holds for every f € A will be 
called the M7*-conjugate of A and denoted by A*. The mapping @— ¢@ 
of A’ into the vector space of all Radon measures on E is an isomorphism 
defining the M7*-measure conjugate W%* of A (cf. 9, p .169). If @ € A*, every 
f € A is integrable (¢) and to #(f), @ € A*. The definition 


' 
\I¢llge = sup iiatel 
x €A,RNA(x)>O R*() 
for all @ € A*, gives |\o|lg* = || ®|| 4’. 

A real MT-space is an MT*-space for which A’ = A*. Conversely, if A is 
an MT*-space for which A’ = A*, it is a real MT-space. Condition (ii) for 
MT-spaces is then satisfied by hypothesis. If & is assumed to be non-dense 
in A then (1, Lemme, p. 57) implies the existence of @ € A’, not the zero 
element, vanishing in &..:The corresponding ¢ is then the zero measure so 
that for some f € A, 0 = [fdd ¥ #(f) contradicting the fact that A’ = A*. 
Examples 3.1 and 3.2 of (10) show that there are M7*-spaces in which & 
is dense that are not real M7-spaces. 


Definition 2.2 (11, p. 53). Let M, M’ be families of subsets of E closed under 
the formation of countable unions and complements where Dt’ is a proper sub- 
family of M and has the additional property that M € M’, AC E, ACM 
imply that A € I’. For an M-measurable real valued function f(P) on E, let 
ll f ||.» the ess sup of | f(P)|, be the infimum of the set of numbers a such that 
E, = (P:| f(P)| < a) is in QM, if this set is non-void. Otherwise let || f ||... Let 
g., = &.(Z, M, Me’) denote the subspace of R*® for which ||f'\|,, is defined and 
finite. 


The space %,, is an MT*-space with semi-norm ||-||,, if every continuous 
function with compact support is )t-measurable and in particular if M con- 
tains all the relatively compact Borel sets on E. The elements of A’ to which 
correspond finitely additive measures that are not countably additive are not 
in A*. If E = (0, 1), if Dt denotes the Borel sets on E and MP’ the Borel sets 
of the first category on E, &,, is an MT*-space for which A* reduces to the zero 
element of A’ (2, Corollary 1, p. 186). 

If A isan MT*-space, 94 the semi-norm on A, V4 will be called reflexive if 


(2.2) N4 (x) = sup (| faze ; || >| lors <1,¢€ a) , 


The left side of (2.2) is never less than the right side. When 94 is reflexive 
and the supremum in (2.2) can be replaced by sup {|x\d ¢|, for all ¢ € W* 
with ||¢||97* < 1, 2* has a natural extension to all of R*. If A isan MT-space 
M4 is always reflexive and has such an extension (9, § 11). For the example 
above with A* = 0, 9 is not reflexive. 

Length functions and the corresponding function spaces were introduced 
in terms of non topological spaces E and general measures in (6). In this 
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paper we suppose given a positive Radon measure y» on an arbitrary locally 
compact space E. If \(f) is defined and 0 < A(f) < © for every u-measurable 
function f(P) with 0 < f(P) < © almost everywhere, A is called a length 
function if: 


(L 1) A(f) = 0 whenever f is u-negligible, 

(L 2) A(f) < A(g) whenever f(P) < g(P) for all P € E, 

(L 3) AUf + g) < ACf) + Ay), 

(L 4) (Rf) = kA(f) for all k > 0, 

(L 5) fi(P) <fe(P) < ... for all P implies that A(supf,) = supA(/,). 


A length function \ will be called continuous at infinity if, for every f, 
(L6) AG) = supe A(fxx), 


for all compact sets K € E, where xx denotes the characteristic function of 
K. If |f(P)| is u-measurable, \(f) will mean A(| f |). A function f (set B) will 
be called A-negligible if A(f) = 0 (A(xg) = 0). @ = P(E, w) will denote the 
vector subspace of R* consisting of all u-measurable f € R*¥ with A(f) < ©. 
@ will be an MT7™*-space if and only if it contains R. L’ = D(E, yz) will 
denote the normed space associated with %’. Every space L* is a Banach space 
(6, Theorem 3.1). 

For every length function A a A-conjugate length function \* is defined by 


(2.3) A*(g) = sup fiPrerras < @, 


the supremum being taken for all f € @ with A(f) < 1. The space @* will 
be called the A-conjugate of @ and L*. A length function is reflexive if 
A(f) = A**(f) for every non-negative u-measurable f. Necessary and sufficient 
conditions for the reflexivity of \ are given in (7, (4.1)) (for a general measure 
space). It can be shown that when d is reflexive and @ is an MT™*-space 
for which the M7*-conjugate contains the \-conjugate then d is also reflexive 
as a semi-norm on @, |¢| € W* if @ € K* and 


A(f) = sup (fisiae: Ildlige < 1,6 € a) 


permitting a natural extension of \ to all of R,?. 

Let » denote a positive Radon measure on E. For 1 < p < ©, &,(f) = 
({f #du)!”” is defined and non-negative for every u-measurable f that is defined 
and non-negative almost everywhere. Jt, then defines a length function. (L 1) 
follows from (3, Théoréme 1, p. 119), (L 2) from (3, Proposition 10, p. 109) 
and (L 5) from (3, Théoréme 3, p. 110) all applied to f”, and (L 3) and (L 4) 
from (3, Proposition 2, p. 127). The u-negligible and N,-negligible sets coin- 
cide. If E is countable at infinity \ will be continuous at infinity. If E is 
arbitrary the length function §®, will not be continuous at infinity if EZ con- 
tains a locally negligible set that is not yu-negligible. By (3, Théoréme 5, 
p. 194) the spaces 2” and @ with A = MN, coincide. 
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For every u-measurable f(P), with 0 < f(P) < @ almost everywhere, 
write 


Nf) = supe N,(fxx), 
where K runs through the compact subsets of E. It is easily verified that Rt, 
is a length function that is continuous at infinity and that the §t,-negligible 
sets are the locally negligible sets of E. We write % and IL” for the spaces 
@, DL with A = R,. From (4, Proposition 7, p. 13) it follows that @ is the 
space of essentially integrable functions for xu. 


Lemma 2.1. If f € &, the set E(f) = (P:f(P) ¥ 0) is the union of a count- 
able sequence of compact sets and a locally negligible set Eo. 


THEOREM 2.1. If every locally null (u) subset of E is u-negligible, in particular 
if E is countable at infinity, @ and ¥, 1 < p < @ coincide. If E contains a 
locally null subset that is not u-negligible, & strictly contains &, L? and L?’, 
1 <p < ©, are equivalent. 


Lemma 2.1 is the analogue of (3, Lemme 2, p. 194). It is implied by (4, 
Corollaire, p .13) for p = 1. Theorem 2.1 for » = 1 is a consequence of 
results in (4, § 2). In both cases the extension to all p, 1 < p < @ is not 
difficult. 

When ~ = © and 9 denotes the u-measurable subsets of E, two length 
functions are obtained from Definition 2.2 by taking: (1) A = MN, = |]. ||. 
with 9’ the u-negligible subsets of E; and (2) \ = R,, = || . ||, with M’ the 
locally negligible subsets of E. Rt, is continuous at infinity, N, is not if E 
contains a locally negligible set that is not u-negligible. The & spaces 
g..(Z, M, M’) corresponding to (1) and (2) respectively will be denoted below 
by &° and &°. These spaces are M7*-spaces. Since R.(f) < N.(f), & is 
always contained in %°. In contrast to the case with p < ~, L® and L® need 
not coincide. For example, if E contains a locally negligible set D with 
u*(D) = @, f,(P) = axp is in & for every finite a and the equivalence 
classes f, in L® are different for different positive values of a. Each f, is in 
2” but all belong to the equivalence class of g(P) = 0. We note that the 
dual of 2 is 2”. 


3. The \-conjugate of A = @. In the sequel E will denote an arbitrary 
locally compact space, u a positive Radon measure on E, K, K, compact 
subsets of E, and A will be an arbitrary length function for which @ contains 
R. A(B) will be an abbreviation for (xs). A function g is locally integrable 
if it is w-measurable and if gx is integrable (u) for every K. (Since E is 
locally compact this is equivalent to the definition in (8)). 

When @ is an MT™*-space it contains the characteristic function of every 
relatively compact u-measurable subset of E. @ contains R and since, given K, 
there exists a continuous function f € & coinciding with xx in K, if BC K 
is u-measurable A(B) < A(K) < A(f) < © and xg € L’. It then follows from 
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(2.3) that every g € 2* is locally integrable. Thus g defines a Radon measure 
g.u (8, § 1) with values 


(3.1) Siete.) = fiedu = e.e € WY, 


for all f € K. If for every g € @*, (3.1) extends to all f € @, the A-conjugate 
of @ is contained in the M7*-conjugate. Since the right side of (3.1) is finite 
for all f € @ if g € @*, (8, Theorem 1.1) shows that it is sufficient to show 
that the left side is also always finite. There is no loss of generality in assuming 
that g is positive (that is non-negative) so that g.y is a positive Radon 
measure on E£. 


Lema 3.1. If f € R,* is measurable (u) and g > 0 is locally integrable and 
if X = U.:°K,, then 


* * 
(3.2) Sfexxdu = f fxxd(g.u) < @, 
and both are finite if f € @ and g € @*. 


Proof. The equality (3.2) is a corollary of (8, Lemma 5.1). When f € @ 
and g € 2*, S*fexxdu < Sfe du < @, 


Lemma 3.2. If f € @ is a positive lower semi-continuous function and g € @* 
then (3.1) holds. 


Proof. There is no loss of generality in supposing that g is non-negative. 
Then, using (3.1), 


rae.» = sup Jrae.n) = sup fredn< ffedu < ©, 
hes hes 


O<acs O<ass 


Note. Lemmas 3.1 and 3.2 are also a consequence of (4, (Propositions 2 
and 3, p. 9, and Theorem 1, p. 43)). See also (8, Note, p. 478). 


Lemma 3.3. If g € R,* is locally integrable every u-negligible set is g. p- 
negligible. 


Proof. Suppose that B is w-null. If g € Ry*, [exe du = 0 by (3, Théoréme 1, 
p. 119). Given « > 0, there exists an open set U > B with w(U) < fe anda 
l.s.c. function h > xgg with u(h) < $e. Then env. sup. (xv, 4) is Ls.c., > xug 


and 
*. * * 
f xug du <f hd +f xudu < «€. 


If g is locally integrable, the measure g . u is defined > 0 and, by (3, Corol- 
laire 4, p .158), and Lemma 3.1, 
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(g. w)*(B) < (g-u)*(W) = sup g- u(K) = sup f xxd(e 1) 


= sup f xxe du < J xoe du <«. 
KCcU 
Since ¢ is arbitrary B is g . y-null. 


THEOREM 3.1. Let g € @*. Then (i) g is in the d-conjugate @* and is in 
the MT*-conjugate if and only if Sfd(g . 4) = 0 for every f © Y for which fg 
vanishes in E and (ii) if the MT*-conjugate does not contain the d-conjugate, E 
contains a locally negligible set B with \(B) < ©, with \(U) = @© for every 
open set U > B and &* contains g with gxz = 0 and with (g.u)*(B) = @. 


Proof. (i) Suppose that g € @* is positive. If f € @, {fgdu < © and, for 
fixed f, the set where fg ~ 0 is the union of X, the union of a sequence of 
compact sets, and a u-negligible set E’. If Ey = (P:fg(P) = 0), E = EXVE'UX 
and E>» is measurable (u). Suppose that f is non-negative. Using Lemma 3.1, 


Ste du = J fexxdn ~ fixxa(e w< Sra - H) 


and, using Lemma 3.3, we have 
Space.) < SF xedte.u) + SF xede.n) + fF xxate- ») 
= fF xndle.u) + J fede. 
Equality then holds if 
fy Xwed(g.u) = 0. 


Conversely, if g © @* and if gz is in the MT*-conjugate, then, whenever 
f € @ and fg vanishes in E, ff d(g uw) = g(f) = Sfe du = 0. When one or 
both of f, g is not positive the extension is trivial. 

(ii) Suppose that @* contains g with g not in the MT7*-conjugate A*. 
Since g*+ and g~, the positive and negative parts of g are also in @* and gt 
and g- in A* would imply that g was in A*, there is no loss of generality in 
assuming that g is positive. There then exists a positive f € @ with fg(P) = 0 
in E but with S*fd(g .#) > O and, since Sfe du = 0 (8, Lemma 2.1) implies 
that {*fd(g.u) = @, 

Let E, = (Pf(P) > 1/n). The yw-measurability of f implies that E, is 
u-measurable. Since xz, < nf(P), \(E,) < md(f) for each n. Furthermore 


J xxedu <n ffedu = 0, foe ee 


sup f xesnxd(¢ -p) = cup f xenee du = 0, 
KCE KCE£ 


so that each £, is locally negligible. 
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Let f,(P) = min. (n, f(P)). Then f, increases to f and by (3, Théoréme 3, 
p. 110), 


cups f “faxede.n) = f"fdle.n) = &. 


Thus, for all sufficiently large n, 


SP faxed(e. un) > 0, 


. * 
Sf xedle-u) > 0 fhaxndle.n) > 0, 
and (8, Lemma 2.1) implies that 


(3.3) Po xd(e.u) = ©. 


Finally, for all m for which (3.3) holds, \(U) = @ for every open set U 
containing E, since otherwise Lemma 3.2 implies that 


So xedle-u) < f rode.) = f xe du < U)*@) < @, 


giving a contradiction. 

As a corollary we list some of the conditions that imply that the M7*- 
conjugate A* of A = @ contains the A-conjugate *: 

(1) £ is countable at infinity. 

(2) For every g € @*, g. u is bounded. 

(3) For every g € * and every u-measurable B, (g. u)*(B) = © implies 


that A(B) = o. 
(4) For every locally integrable g, (g . u)*(B) = @, A(B) < ©, imply that 
A*(g) = @. 


(5) If B is u-measurable and if \(U) = @ for every open set U containing 
B then A(B) = o, 

(6) A(Z) < @ or A(K) is bounded for all K in E. 

If A = #@, 1 < p< @, and B is yw-measurable then ,(B) = u*'”(B) 
which implies (5). To prove (6) suppose that A\(Z) = M < @ or that 
\(K) < M < @ for every K C E. The existence of B with (g.u)*(B) = @ 
implies that (g.y)*(E) = © and (3, Corollaire 4, p. 158) implies that E 
contains compact subsets with arbitrarily large (g . «)-measure. Then 


M*(e) > supe J xeg du/MK) > supe g. u(K)/M = o, 
so that (4) applies. The spaces 2”, &° satisfy (6). 


THEOREM 3.2. There exist MT*-spaces ©, with \ reflexive and continuous at 
infinity, for which the d-conjugate strictly contains the MT™*-conjugate. In 
particular the spaces @, 1 < p < @, are of this type for suitable yu, E. 
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Proof. Let E, D, T,(y) and yw be defined as in the example of a locally 
compact space E that is not countable at infinity given in (3, Exercice 4, 
p. 116) and let g = xg_p. Then R,(g) = 1 and g € L® = @*,\ = Ri. As in 
(8, Exercice 4) xp € 2' but is not integrable (g . u) so that g does not belong 
to the MT*-conjugate of 2 

To give an example for 1 < p < @ let E, D be as before but for 4 fixed, 
0<5<1, P,; the point (1 — n,1i/n*), define 8(P,,;) = n-*-* and define 
8(P) = 0 for the points (0, y) in EZ. Let uw’ denote the measure determined 
by the masses B(P). Define g(P) = n*' for P = P,, (¢ = 0,1,..., m?; 
n=1,2,...;), g(P) = 0 elsewhere in E. Actual computation shows that 
every compact subset of E has finite u’-measure and that, for \ = RR, 
A*(g) = R*(g) < © so that g € @*. Suppose that B is a subset of (0, y) 
dense (in the usual topology on R) on some interval (a, 6), —- 1 <a<6b<1 
and let Ug, = UT;(y) for all i >, y € B. Computation shows that 
(g.u’)*(Us.) = © for every m. As in the Bourbaki example every open set 
containing D contains some set U,,, and therefore (g. u’)*(D) = © although 
D is locally negligible (g . u’). Since the dual of % coincides with the \-con- 
jugate, 1 < p < o, the A-conjugate strictly contains the M7*-conjugate. The 


length functions ¥{, are continuous at infinity and reflexive. 


Remark. The right side of (2.1) is Ni(f, ¢). Replacing N, by Ri; in the defini- 
tion of the MT*-conjugate gives a conjugate which always contains the 
A-conjugate when A = @. 

4. The MT*-conjugate of A = @. In this section @ denotes an arbitrary 
element of the M7*-conjugate of A = @, ¢ the Radon measure corresponding 
to & determined by the restriction of ® to K. 


Lemma 4.1. If @€ A* and A = @(y) there exists a locally y-integrable 
function g for which the measure g.u coincides with 9. 


Proof. There is no loss of generality in assuming ® > 0. By hypothesis 
every f € A is integrable (¢) with 


(4.1) wi = fyae. 
For each compact set K every u-measurable subset e is in A and #(x,) = 
Sxdo = o(e). If ule) = 0, 

|o(e)| = |(e)| < |S|N*(x-) = | SIAL). 


Since A(e) = 0 whenever u(e) = 0, every set that is locally u-negligible is 
locally $-negligible. The Lebesgue-Nikodym theorem (4, Théoréme 2, p. 47) 
then implies that ¢ is a measure of base yu, that is, that there exists a locally 
integrable point function g with @ = g. uw (4, p. 42). 


THeoreM 4.1. Let @ € A* and let g in R® be locally integrable with g.u = 9. 
Then (i) g € @* if and only tf u(gxs) = 0 for every -negligible set B that is 
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the union of a sequence {B,} with each function xp, in ©, and (ii). If g ¢L*, 
E contains a set D, negligible (g . u) and locally negligible (u) with \(D) < @ 
and p*(D) = o. 


Proof. (i) There is no loss of generality in considering only positive f and 
® in the proof of (i) and (ii). If f € @, ® € A*, then f € 2'(¢) and E = Ey 
U E’\ UX, where Ey) = (P:f(P) = 0), E’ is ¢-negligible and X is the union 
of a countable sequence of compact sets. Since E, Ey and X are measurable 
(u) so is E’. Since ffxxd(g.u) < ff d(g.u) =f fde < @, (3.2) holds finitely. 
Since 

Sexe. 


vanishes, 


fie Xeodp = 0. 
Thus 


44) fsdo= fsace.u) = ffexxdu < [feds 


< S fered + JS fexedn + J fexxdn = Siexedn + fr dd. 


If E/ = (P€ E':f(P) > 1/1), EB’ = U:°E/, each E; is u-measurable and 
\(E,’) < iA(f) < © so that each xz, € @. If the hypothesis of (i) is satis- 
fied, {x2g du = 0 which implies that {xefg du = 0. Then {fg du = [fde = ¥(f) 
for every f € @ and g € @*. Conversely, if g € @*, |fgdu < © for every 
f € @ and, by (8, Theorem 1.1), 


(4.5) fie du = fiace -u) = O(f) 
for all f € @. If B, is ¢-negligible with xg, © @ (4.4) and (4.5) imply that 


fexe, dy = 0 


whence Sexe du = 0 if B = U,°B,. 

(ii) If g ¢@* (i) implies that there exists a ¢-negligible set B = /,°B,, 
where A(B,) < ©,i = 1,2,..., and such that u*(gxz) > 0. Then (8, Lemma 
2.1) implies that yu*(gxz) = ©. Writing B(n) = U,"B,, since B(n) fT B, 
u*(gxe)n)) is positive and therefore infinite for all sufficiently large n, say 
n > no. We show that for a fixed m > mp, D = (P © B(n) : g(P) > 0) satis- 
fies all the conditions (ii). We note that A(D) < A(B(n)) < @ and that 
u*(gxp) = u*(gxeqm) = ©. Consider g,(P) = min (m,g(P)). It is locally 
integrable and defines a Radon measure g,.yu with 0 < gn.u<g.mu and 
gm-u(D) < g.u(D) < g.u(B) = 0. Now 


* * 
o= f £Xxpdp = supe f &mXpdu, 
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and (8, Lemma 2.1) implies that u*(g.xp) = 0 or © for each m and therefore 
is infinite for all sufficiently large m so that 


* 1 * 
f xpdu > m JS enxodu = @, 


Finally, if D,; = (P € D:g(P) > 1/1), D = U:"D, and, for an arbitrary 
compact set K, 


J xonxdu = sup. | Xpinkdu < sup; if exosnedn 


< supsi f xo dle .p) = 0. 


Thus D is locally u-negligible. 

A variety of conditions, sufficient to ensure that the A-conjugate contains 
the MT*-conjugate, follow from Theorem 4.1. We mention only: (i) E is 
countable at infinity, (ii) ~ is bounded and (iii) u4*(B) = © implies that 
\(B) = @. Condition (iii) shows that if A = #, 1 < p < o, the A-conjugate 
always contains the M7*-conjugate so that these conjugates then coincide. 
Actually, each of (i)-(iii) implies that every locally integrable g € R® is in 
@* whereas @* will contain A* if to each @ € A* corresponds one g € 2* 
with g.u = ¢. If g is locally integrable with g. u = ¢, every g’ that is locally 
equivalent to g is also locally integrable and g’ . u = . Consider (8, Example 
5.2) where g = xz, f = xz and the length functions \ = R,, 1 < p < @. 
Then g ¢2* but g is locally equivalent to the zero element of %*. More 
generally, let E, D, and uw be defined as in Theorem 3.2 and let \ denote an 
arbitrary length function. Then D is locally negligible with u4*(D) = © but 
every locally negligible subset of E — D is u-negligible. Replacing g by gxp 
gives a g’ locally equivalent to g with [*g’x» du = {*gxsnpdu = 0 for every 
locally negligible set B with \(B) < ©. Since 


** 
(g’ . u)*(B) <| ii 


by (4.4) this contradicts Theorem 4.1 (ii) if g’ is not in 2*. 
Edwards (5, p. 143) defines the u-measure of a u-measurable set B to be 
u(B) = supx{ xenxdu, where K runs through the compact subsets of E£. 


THEOREM 4.2. If E contains E* with u*(A) < © for every locally negligible 
set contained in E — E* and if E* is the union of a countable collection of sets 
of finite u-measure, then for every MT*-space © on E, the \-conjugate contains 
the MT*-conjugate. 


Proof. First suppose that u4(E*) < @. By the argument of (5, Theorem 7 
(4)), E* = Q: U Q2 where Q, is the union of a countable collection of com- 
pact sets and Q, is locally null. If A C E* with u(A) = 0, w*(A) = @, 
u(Qi\ A) = 0. Set g’ = gxx, where X = CE*\/Q,. If K C CEor K C Qu, 
g(P) = g'(P) for P € K. Suppose that u(K (\ CE*) > Oand w(K F\ E*) > 0. 
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Then K = N U,°K, where N is u-negligible and each K, is compact and con- 
tained in one of E*, CE* (3, pp. 181-2). Since u(K, (\ Q2) = 0,m = 1,2,..., 
g = g’ almost everywhere in each K and g’ is locally equivalent to g. For 


each such A C E*, 


u*(g’xa) = w*(gxeus) = 0 


contradicting Theorem 4.2 (ii) if g°¢@*. If E* = U,°E, with w(Z,) < @, 
n=1,2,..., each E, = Qi, UV Qo, as above and the preceding argument 
holds when applied to U,Qin, \UxQ2. in place of Q; and Q» respectively. 
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A CONVERGENCE THEOREM FOR DOUBLE L’ FOURIER 
SERIES 


RICHARD P. GOSSELIN 


1. Our aim in this paper is to extend a known theorem about the convergence 
of subsequences of the partial sums of the Fourier series in one variable of class 
L? to Fourier series in two variables of the same class, (1, p. 396). The theorem 
asserts that for each function f in L*, there is a sequence {m,} of positive 
integers of upper density one such that 


Sm,(x;f) 


converges to f almost everywhere, where s,,(x; f) denotes the mth partial sum 
of the Fourier series of f. The sequence {m,} depends on the function f but 
not on the point x (3, p. 264). The main tools of proof used were the theorem 
of Kolmogoroff asserting the almost everywhere convergence of lacunary 
subsequences of partial sums of L? Fourier series and the theorem of Kolmo- 
goroff and Seliverstoff (3, p. 253). These same tools are available in the 
two-dimensional case (2), but they do not seem to be adequate in themselves 
to obtain an extension. 

Our method of proof is the following. First we extend the one-dimensional 
theorem so that a single sequence {m,} of upper density one will serve for 
a given sequence {f,} of functions, each f, belonging to L?. From this we 
may generalize to the two-dimensional case by considering first iterated limits 
of partial sums. 


2. The definition of upper density for a sequence {m,} of positive integers 
strictly increasing to © is as follows. Let o(m) be the number of terms of the 
sequence less than or equal to m. We say the sequence is of upper density 8 
if lim sup o(n)/n = 8. 


THEOREM 1. Let {f,} be a sequence of functions, each of class L*?. Then there 
4s a sequence {p,} of upper density one such that 
Sp,(X; fn) 
converges to f, almost everywhere for each n. 


Let {A,} and {k,} be two sequences of integers each strictly increasing to 
e and such that k,,, > 2k, and r + 1 divides k,. At a later stage we shall 


Received August 16, 1957. This work was supported by the National Science Foundation 
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impose a further restriction relating to the size of k,. Let m, =,*,k, Ck <2k,, 
and let 


> Cm(n)e"™* 


denote the Fourier series of the function f,(x). For any function f(x) of L?* 
with Fourier coefficients c,,, we introduce the following notation: 


Mk +1 2k,y—1 
(1) a= > \|cal k= hk -+ 1...2—-1;D,= > « 
|m|—mg+1 k=ky 


If a of the k, numbers «, are greater than 8D,/k,, then 


(2) ab $< D, or a<<. 
Now let «(m) and D,(m) correspond to f,(x) as « and D, in (1) correspond 
to f(x). Fix r, and consider fi, f2,...,f,. For each nm, m = 1,2,..., i 2 


least rk,/(r + 1) of the numbers « (m) are less than (r + 1)D,(n)/k, since 
by (2) the number greater does not exceed k,/(r + 1). There must be some 
k, say k(r), ke < k(r) < 2k, — 1, such that 


€x(r) (nm) < Oe) 


, 2 ee 


since among the rk, numbers ¢,(m), no more than rk,/(r + 1) of them exceed 
the above. Thus for k = k(r) 
™e +i 


3) > _ lém() log (|r|) < 2k, (log A, )ex(n) < 2(r + 1) (log d,)D,(n), 


[m | mk 


For fixed A, and n, 


@ 


> |em(n)|? 


|m |=Ar 


goes to 0 as k increases to ~. We may thus choose k = k, subject to the 
previous conditions and so large that 


2(r + 1) (log A,)D,(n) < 27’, pw hf. wc 
From (3), 


Mk +i 


2 \em(m)|"log(|m|) <2 22 (r + 1) (log A,)D,(m) < @ 
k=k(r) |m|=—m,g+1 rn 
rpn 


for all nm. Now let {p,} take on the values m, m, < m < my, k = k(r), 


r=1,2,.... It is easily seen that {p,} is of upper density one and the 
almost everywhere convergence of each sequence 
Sp,(X3 fn) 


to f, follows as in our original proof (1, p. 396). 
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Remark. For convenience we suppose that 6(r + 1) divides k,. Among the 
rk, numbers e,(m), no more that rk,/3(r + 1) of them exceed 3(r + 1)D,(mn)/k,, 
for the same reasons as used above. Hence for more than one-half the indices 
k in the given range, 


a(n) < 


a fact we shall use in the proof of Theorem 2. 


3(r + 1)D,(n) 


3. We first extend the notion of upper density for single sequences of 
positive integers to double sequences. Let P be a set of ordered pairs of 
positive integers (p, g), and let o(m, nm) be the number of pairs (p, g) from P 
such that p < m and g < n. If 8 is the largest number for which there are 
sequences {m,} and {n,} of positive integers each strictly increasing to © as 
k goes to © such that lim,.,..0(m,, m,)/mn, = 8B we say that the set P has 
upper density @. It is easily seen that a largest number must exist. We may 
state our generalized theorem. Part (i) relates to iterated limits and is used 
in the proof of part (ii). Let s,.,(x, y;f) denote the pgth partial sum of the 
Fourier series of an integrable function f(x, y) and let 2 be the square in the 
xy plane with (0,0) and (22, 2x) as opposite vertices. 


THEOREM 2. Let f(x, y) belong to L?(Q). 


(i) There exist sequences {p,}, {q,} of positive integers, each separately of 
upper density one, such that almost everywhere 


lim im Spycte(% yf | = lim im Seren (2s sf) | = f(x,y). 


BaD ¥. 


(ii) There exists a double sequence P’ of positive integers of upper density one 
such that almost everywhere 


lim = S»,¢(x, ¥;f) = f(x, y). 
(0) «P 
In the double limit of part (ii), and g go to © independently except that 


the pair (p, g) must belong to P. Let c,,,, denote the Fourier (exponential) 
coefficient of f(x, y). Since for each n, 


+c 


} lem.nl < @, 


the series 
+a 
ym awa” 
is the Fourier series of a function f,(x) in L*(0, 27). We have 
Cun = "5 . vtmel “1 ye d \ 
nun ori . é x, Py é y x 


2 xi 0 


/ 








of 


1é 


at 
1) 
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so that 
2nif,(x) = , f(x, ye ™ dy. 


By Theorem 1, there is a sequence {p,} of upper density one such that for 
almost every x and every nm = 0, +1,... 


lim > Cunt = fa(x). 


Boe m——P, 


Hence, for every fixed q, every y, and almost every x 
@ 
(4) lim Sp, .¢(*, 93f) = Do fa(x)e™. 
M00 n=—¢ 


By Parseval’s equality 


+c 


ae Ds late)! = fife. a)Iay 


which is finite for almost every x. Hence, for almost every x, each member 
of the family, indexed by x, of series 


(5) > falzde™ 


is the Fourier series of an L? function of the variable y, that is, f(x, y). The 
numbers f,(x) are then the Fourier coefficients. 

Let {a,} be a sequence of numbers, 0 < a, < 2x, such that >> 2.a, < @. 
Let {A,} and {k,} be two sequences of positive integers, each strictly increasing 
to ~ and such that k,,, > 2k,. A further restriction is needed on {k,}. For 
fixed A,, choose k, so large that 


Qn g- 1, 
2 S r 
(6) e P J \fa(x) "dx < log,’ k > k,. 


This is possible since the left side of (6) equals 





+n 


2r | 3 + ar 


In >r,* m=—a 


Let m = A,", ke < k < 2k,, and let 


Mk +1 2k&y—1 
D |fa(x)|* = a(x), k = ky kp +1,...,2k, —1; DO a(x) = D(x). 
In|—nget+l k=k, 
We set 
oe 
gE = f & (x) dx 
0 
and 
ar 2kr—1 
,= D,(x) dx = ym & 











396 RICHARD P. GOSSELIN 


Since there are k, terms «, it follows that for at least one k, say k(r), 
k, < k(r) < 2k, —_ l, €x(r) < D,/k,. 


Thus « (x) < D,/a,k, for x outside a set E, whose measure, |Z,|, does not 
exceed a,. Since 


> ay < @, 
r=] 


for almost every x 
€x(1r) (X) < D,/a,k; 


for all sufficiently large r. For such an x and all sufficiently large r with 
k = k(r) 
RMe+l 


(7) > [fa() |" log (\n|) < (log AP" )e(x) < 


In |=—ne+ 


2D, log i, 

i . 
Since D, does not exceed. the left side of (6), the left side of (7) does not 
exceed 2~—". Thus for almost every x 


me +1 
Ifa(x)|* log (\m|) < 
k=k(r) |[n|=—ng+1 
r>l 

since, except for a finite number of r values the terms satisfy (7) and so do 
not exceed 2-’. This is sufficient to show as in our previous arguments (1, 
p. 396) that for almost every x, the {g,} partial sums of the series (5) con- 
verge to f(x, y) for almost every y where the sequence {q,} takes on the values 
N, Mer) KM | Mer) 41,7 = 1,2,.... The sequence {q,} is also of upper density 
one. This, together with (4), gives the second equality of part (i) of the 
theorem. 

Our first step in proving the first equality of part (i) is to show that the 
sequences {p,} and {qg,} already chosen in the proof of the second equality 
may be made the same. The sequence {p,} was chosen by the technique of 
Theorem 1 so as to insure the almost everywhere convergence of each sequence 

Py 
z 


im. 
Cm.n€ 
m=—Py 


to f, (x). The sequence {A,} used in the proof of Theorem 1 may be taken to 
be the same as the sequence {A,} already used in the proof of Theorem 2. 
Moreover the two {k,} sequences may be taken the same since, in each case, 
k, was chosen large relative to a condition involving \,. By the remark 
following Theorem 1, for more than one-half the indices k, k, < k < 2k, — 1, 


3(r + 1) D,(n) 
k, 


As in our proof of the present theorem, for more than one-half the indices k, 


(n) 
a” < 


oS ae A 


G& = f €, (x) dx < 3 D,/k;. 
0 





tc 


t 
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Hence, there is at least one index, say k(r), for which both conditions are 
satisfied. Now the {p,} and the {g,} are chosen from the same blocks of 
integers, that is, m such that A,* < 2 < A,**', k = k(r), r = 1,2,.... 

It is easy to see that the same sequences {,}, {¢g,} can be chosen for any 
two functions of L?(Q), in particular for our f(x, y) and for g(x, y) = f(y, x). 
Since Sp¢(x, ¥; Z) = S¢.9(y,x;f) we may apply the second equality of part (i) 
to the sequence 


Spy .ty(%s Yi B) 


to obtain that almost everywhere 


| im Spy.ty (Xs Vi e)| = lim | tim Se,.0,(9 «f)| = f(y, x). 


¥4ap Boo 


g(x,y) = lim 
Since the {,} take on the same values as the {q,} the first equality of part (i) 
of Theorem 2 is proved. 

Now part (ii) follows easily. The difference 


@y 
LD falx)e™ — f(x,y) 
n=—¢, 
is smaller in absolute value than 1/s for (x, y) outside the set EZ, when gq, 
takes on values in the rth block, that is, m <q, < mui, k = R(r). We may 
choose r = r, so large that 


> IE) < @. 


s=1 


Also the difference 


Cy 
Spy.ty(%> wf) - es falxye™ 
n=—(¢, 
is smaller in absolute value than 1/s for (x, y) outside the set F,, for g, in 
the rth block and p, in the Rth block, that is, m <p < mey1, R = R(R). Again 
we may choose R = R, so large that 


i) 


> |F,.| < @. 


Hence, for (x,y) outside both E, and F,, 


Me < Pu < Maps, k = R(15) 

Mm < qd» Sj p41, k= k(R,). 

Almost every point (x, y) is outside all EZ, and F, for s sufficiently large. Now 
let P, the double sequence of positive integers, consist of the union of all P, 
for all s where P, is defined as all (~, g) such that p belongs to the R,th block 
and g to the r,th block. For the double sequence P 


o (Men) +1, Me(r)4+1) ( 1 )( 1 ) 
ee 1-—-—j)\l-—]), rv=z=yr7,R=R, 
N(R) +1 Mer) +1 ? Ar A, . 


rerlts I) — Se 1 <=, 
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which approaches one as s increases to ~ so that P is of upper density one. 
Part (ii) follows from this. 
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ON INTEGRATION OF VECTOR-VALUED FUNCTIONS 
D. O. SNOW 


1. Introduction. Among the variety of integrals which have been devised 
for integrating vector-valued functions the most widely used is that of Bochner 
(2), perhaps because of the simplicity of its formulation. Other approaches, 
including one by Birkhoff (1), have yielded more general integrals yet none 
of them seems to have supplanted the Bochner integral to a significant extent. 

Another simple approach is that of Graves (4). This is an adaptation of the 
Riemann definition, and the resulting integral has most of the properties of 
the ordinary Riemann integral. A noteworthy exception is that there exist 
functions which are everywhere discontinuous and yet are Graves integrable. 
In sharp contrast to the real variable case the Bochner (Lebesgue) integral 
does not include the Graves (Riemann) integral. Neither does the Graves 
integral include that of Bochner. 

In the present paper we show that the Graves integral can be generalized 
in a simple way to produce an integral which includes the Bochner integral 
as a special case, and is equivalent to the Birkhoff integral for functions defined 
on a bounded Lebesgue measurable set in n-dimensional Euclidean space. 
This generalization stems from the fact that the Lebesgue measurability of a 
finite real-valued function f, on a measurable set E, is equivalent to the 
validity of the well-known Lusin condition (9, p. 72) for f. It has been pointed 
out by Hildebrandt (6) that a definition of the Lebesgue integral due to 
Hahn (5) is based on the Lusin property and that this suggests an alternate 
approach to the Bochner integral. Bourbaki (3, p. 180) gives a definition of 
measurability for a function f, defined on a locally compact space E with values 
in an arbitrary topological space F, which is also based on the Lusin condition 
in that f is required to be continuous on each of a collection of compact sets 
with total measure approximating that of EZ. It turns out that when the range 
space is a Banach space this definition is equivalent to Bochner measurability 
(3, Theorem 3, p. 189). We notice, however, that there exist fairly simple 
functions which are Graves (Riemann) integrable but not measurable in the 
Bochner or Bourbaki senses, nor in any sense that implies the Lusin property. 
The classical example is that of Graves (4, p. 166) which involves the space 
M of bounded real functions f(t) on 0 < ¢ < 1, with 


If(|| = supocrcal f(d)]. 
Let x(a) = f(t) where f.(t) = 0 on 0 Ct Ca, and f,(t) = lona<t<l. 
Thus x(a) is defined on 0 < a < 1 and is everywhere discontinuous there. 
Received August 12, 1957. Most of the results of the present paper are adapted from a 
Ph.D. thesis prepared under the direction of Professor R. L. Jeffery at Queen’s University. 
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On the other hand, this function is integrable in the sense of Birkhoff and of 
Jeffery (7). These facts suggest a weakening of the Lusin condition in which 
we replace the sets on which the function is required to be continuous (5; 6; 3) 
by sets over which the function is integrable in the Graves sense (generalized 
in a natural way so as to be defined on closed sets), and hence may in some 
cases be everywhere discontinuous on these sets. A definition of measurability 
is based on this weakened condition and the Hahn approach is then used in 
defining our generalized integral. 


2. Notation. Throughout this paper X will denote an arbitrary linear 
normed complete space, or Banach space, R the space of real numbers, x(a), 
y(a) functions valued in X, and f(a), g(a) real-valued functions. The symbol 
[a, 6] will denote a closed interval on the real line, P, P’, F closed subsets of 
{a, 6], and |E| the Lebesgue measure of a measurable set E. 


3. A Graves integral defined over a closed set. 


Definition 3.1. Let x(a) be defined and bounded on P. Let x be a subdivision 
of [a, 5] into subintervals (a;_1, a;); let Aa; denote the closed interval [ao, a;] 
and Aa;,i>1, denote the half-open interval (@;_1, a;|. Let Na be the maximum 
of the differences a; — a;_;, called the norm of x. If X contains an element 
L such that for every « > 0 there exists 6 > 0 with 


| 


for every subdivision with Nz < 6, and every choice of &; in P (\ Aa,(i = 1, 
2,...,m) then L is the Graves integral, or G-integral, of x(a) over P and we 
write 


1 | 
Dy x(&:)|P A) Aa,| — L| | <e 





(G) f x@) da = L. 


It is not difficult to see that when P is a closed interval the G-integral reduces 
to the original Graves integral. 

Because of the frequency and importance of its uses in the remainder of 
this paper we state the following rssult, which has been proved in a variety of 
ways by several writers including Birkhoff (1), Jeffery (7), and Macphail 
(8). 


THEOREM 3.1. Let e;, €2,..., €n be amy n disjoint Lebesgue measurable sets 
on a measurable set E, |E| < ©, £; any point on e,, and S = > x(&,)\e,| where 
x is a bounded function on E with values in a space X. Let- 


City Ci2y ++ 5 C ik; 


be a subdivision of e, into disjoint measurable sets, and £4;, t';; any points on 
€:;. Then 
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| u , {x(Ess) — (Ess) } leas! | < sup | | > {x(E,) — x(t’) } Jed! | 
and 
nm ky o 
| 2X, 2X, * (E13) leas] i s| | < sup | > {x(&,) Px x(€"«)} Jes! ; 





One consequence of this result is the following theorem. 


THEOREM 3.2. Let x(a) be defined and bounded on P. A necessary and sufficient 
condition for the existence of the G-integral of x(a) over P is that there exist a 
sequence of subdivisions 1, of |a, b| such that 


lim > x(a IPA Mery ;| 


no ‘Fn 


exists, §,; any point on P (\ Aani. 


Proof. The necessity is obvious in view of definition 3.1. To prove the 
sufficiency choose any « > 0 and consider a sequence {z,} which yields a 
limit J. Then there exists an mp such that for m > mo we have |/Z,, — J|| 
< 4. If m > mp is fixed and &;, &’,; are allowed to be any points in P () 
Aa, ; it follows that 





I> {x (Ear) — x(8'ns)}|P A) Acensl | ae 


Then let x, be any subdivision of [a, 5], not necessarily in the sequence, with 
Nx, sufficiently small to insure that the total length of the intervals of x, 
which contain points of subdivision of x, is less than «/M, where M = sup 
\|x(a)||, a on P. Suitable applications of Theorem 3.1 show that |/2,, — J]! 
is less than a fixed multiple of «. 

In the next theorem we list several properties of the G-integral which we 
shall use in making our generalization. The proofs follow from the definition 
and Theorem 3.1 by standard arguments and are omitted. 


THEOREM 3.3. (a) If x, y, and f are G-integrable over P, and ||x(a)|| < f(a) 
for aon P, then 


(i) (G) J @ + y)da = (G) f ada + (G) f da, 


. Jo ft <6 fu 


(b) If P (\ P’ = 0 and x(a) is G-integrable over the sets P and P’ then it is 
integrable over P \) P’ and 


(G) J se = (G) J sae + (G) J ste. 
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(c) If P’ is contained in P then x(a) is G-integrable over P’ if it is G-integrable 
over P and 


| | (G) J xe — (G) fi sacl | < M|P — P’ 





, M = supaer||x(a) ||. 


(d) If x,(a) (m = 1,2,...) is G-integrable over P and if x,(a) converges 
uniformly to x(a) on P then x(a) is G-integrable over P and 


(G) J = (a)da — (G) J (oda. 


4. The generalized Graves integral. In this and the remaining sections 
E, E, will denote bounded Lebesgue measurable sets of the real line. 


Definition 4.1. A function x(a) defined on a set E with values in X is P,- 
measurable on E if for every « > 0 there exists a closed set P, contained in 
E, such that (i) |E — P| < «, and (ii) x(a) is G-integrable over P. 

This is a generalization of the classical Lusin condition, to which it is 
equivalent when X = R. For arbitrary X we observe that if x(a) is con- 
tinuous on P contained in E, with |E — P| < «, it is Graves integrable on 
P and therefore P.-measurable. Conversely, if a real-valued function x(a) is 
P.-measurable on E and hence G-integrable on P’ > E, |E — P’| < fe, a 
standard argument shows that the measure of the set of its discontinuities on 
P’ is zero. Then there exists a set P in E, on which x(a) is continuous with 
IE— Pi <e. 

On the other hand, the function cited in the introduction is P,-measurable 
without satisfying the Lusin condition. 


Definition 4.2. If x(a) is P.-measurable on E and if there is an element J 
in X such that given 7 > 0 there exists « > 0 with 


J© f.xeae- || <s 


for every P contained in E, |E — P| < ¢, over which x(a) is G-integrable, 
then we say that J is the G*-integral of x(a) over E and denote it by (G*) 
J wx(a)da. 





THEOREM 4.1. Jf x(a) is P.-measurable on E a necessary and sufficient con- 
dition for 


(G*) f x(a)da 


to exist is that for every » > 0 there exist 6 > 0 such that if P and P’ are two 
closed sets in E, with measures greater than |E| — 4, for which 


(G) J vac. (G) J sae 














INTEGRATION OF VECTOR-VALUED FUNCTIONS 403 


exist then 


(4.1) | 





< 9. 





0 fe fl 


The proof is easily obtained by a standard argument and will be omitted. 


THEOREM 4.2. If x(a) is G*-integrable over E it is G*-integrable over every 
measurable subset e contained in E. 


Proof. Given « > 0, let P be a closed set with |E — P| < }e and such that 
x(a) is G-integrable over P. Let e be any measurable subset of E. Then eP is 
measurable and so it contains a closed set P’ with |eP — P’| < 4. Moreover 


le— eP| <|E — P| < he. 


Then |e — P’| < «. Since x(a) is G-integrable over P’ by Theorem 3.3(c) 
our conclusion follows. 

We next prove the analogue of the fact, basic in real variable theory, that 
every bounded Lebesgue measurable function on a set E is Lebesgue integrable. 


THEOREM 4.3. If x(a) is bounded and P.-measurable on E it is G*-integrable 
over E. 


Proof. Let M = sup||x(a)|| for a in E. Let 7 > 0 be given and let P and 
P’ be closed sets, contained in EZ, on which x(a) is G-integrable and such that 
the measure of each set is greater than |E| —(n/2M). Then x(a) is G-integrable 
over P (\ P’ by Theorem 3.3(c). Moreover 


P am , . = an d mm 


Hence, by the second part of Theorem 3.3(c), 


ldn-onte) 
< ||) J sda - G) _ sda + coy fade ~ G) fi xze|| 


or 
<Moyt Moy * 


THEOREM 4.4. If E, (\ E, = 0, and if x(a) is G*-integrable over E, and E, 
then it is G*-integrable over E, \/ Ey and 


Pa 


(4.2) (G*) J. de = (G*) J, de +(G*) J da. 


Proof. Let {P,}, {P,’} be sequences of sets over each of which x(a) is G- 
integrable and with P, C Ey, P,’ C Ex, for all n. Suppose that 


|\P,| — |Z], |P.’| — |Z2! n> ©, 
Then |P, + P,’| — |Z, + £,|. For each n, by Theorem 3.3(b), 
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(G) i + (G) J, 20 = (G) xda. 


P,vP,’ 
If x(a) is G*-integrable on E,  E; it follows that (4.2) holds. 

It remains to be shown that x(a) is G*-integrable on E; Ey. Let J denote 
the right side of (4.2). Given » > 0 there exists « > 0 such that if P and P’ 
are closed sets contained in E;, E, respectively, with |E, — P| < «, |E, — P’| 
< «, and if x(a) is G-integrable on P and P’, we have 


| | | 
||) ff sda — (G*) fxd | < 4, | (G) fda - 6) f sda | < 4. 
Now, suppose F is any closed set contained in FE; VU Es, with |(E, U Es) 
— F| < }e, and on which x(a) is G-integrable. It follows that 

|E; - (FC) £,)| = |E; — F\ < |(2, U E:) - F| < he. 


Similarly |E; — (F (\ E:)| < }e. Then let P, P’ contained in F(\ Ey, FC\ Ey 
respectively, be such that 





IE. — P| <¢, |E: - P’'| <¢,|F-(PUP’| <sa- 
where M = sup||x(a)|| on F. x(a) is G-integrable on the sets P and P’ by 
Theorem 3.3(c). Hence 


Jo faa 


<|[o fat f, nl | + |] fom fal 


“+ ||(@ fsse— con f sal 


Definition 4.3. If a set function v is defined on the class of Lebesgue measur- 
able subsets of E with values in X, and if for every « > 0 there exists 6 > 0 
such that ||v(e)|| < « for every subset e of E with |e] < 4, then we say that 
v is absolutely continuous over the measurable subsets of E. 


< 9. 


THEOREM 4.5. Suppose x(a) is G*-integrable over a set E. Then the G*-integral 
is an absolutely continuous function of the measurable sets e contained in E. 


Proof. Let 4 > 0 be given. Fix 6 > 0 so that condition (4.1) of Theorem 
4.1 holds. Now consider any set ¢ contained in E with |e| < 6. Let P be any 
closed set contained in e such that 


| (G*) J wae — (G) fi xae| | < 79. 


Also let F be a closed set contained in E-e, with |E — F| < «, and on which 
x(a) is G-integrable. Then 
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|| coy ff x | - NG) fda — (6) f xia ts 


|(G*) fxd _ (G) f xda | + | |G) fxd | < 2n. 
e P P 





|(G*) ff xda} | < 


| 
| 
Since 7 is arbitrary our conclusion follows. 


THEOREM 4.6. If x(a) is G*-integrable over E, and e represents a measurable 
subset of E, then 


(G*) f x(a) da 
is a completely additive set function over E. 


Proof. Let e:, é2,... be a sequence of disjoint measurable sets on E and 
let e:.+...+¢, = E, and 


> ey = €. 

t=1 
Then x(a) is G-integrable over e and E, by Theorem 4.2, and by Theorem 4.4 
we have 


> (G*) f xda = (G*) | xda 


tl En 


and 
(G ) fda +(G ) fre = (G ) fxd 


Now |e — E,|-— 0 as n— ~. Hence, by Theorem 4.5, 


> (G) | xda = lim (G*) fxd = (Gt) J xda. 
i=l e4 N+ En e 

Although we have restricted ourselves to sets on the real line for the sake 
of simplicity in writing, it is clear that the above definitions and theorems 
can be extended to a function with its values in X and defined on any bounded 
Lebesgue measurable set in an n-dimensional Euclidean space. In addition, 
the usual procedure of taking limits would lead to a definition of the G*- 
integral in cases where E is not bounded and |E£| is not finite. 


5. Sequences of P.-measurable functions. We now consider two im- 
portant properties of sequences of P,-measurable functions which generalize 
corresponding results in the Lebesgue theory. 


Definition 5.1. A sequence of functions {x,(a)} defined on E converges to 
x(a) in E almost uniformly if, given « > 0, there exists a set E’ contained in 
E such that |E — E’| < « and x,(a) converges uniformly to x(a) in E’. 
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Lemma 5.1. Let {x,(a)} be a sequence of P.-measurable functions defined on 
E with values in X. If x,(a) converges to x(a) in E almost uniformly then x(a) 
is P.-measurable on E. 


Proof. Suppose « > 0 is given. Then there exists a set E’, contained in EZ, 
on which x,(a@) converges to x(a) uniformly and such that |E — E’| < «/2. 
Now for each m there exists a closed set P, contained in E with |Z — P,| 
< «/2"** and such that x,(a) is G-integrable over P,. Furthermore, there 
exists a closed set P,’ in the measurable set E’ such that |Z’ — P,’| < «/2"**. 
Hence we may set F, = P, (\ P,' for each n and x,(a) will be G-integrable on 
F,, by Theorem 3.3(c), with |E’ — F,| < «/2"*'. Then the intersection 
of the sequence of sets { F,} is a closed set F such that |E — F| < ¢ and each 
%_,(a) is G-integrable on F. Hence (G) J vx(a) da exists by Theorem 3.3(d). 
Since ¢ is arbitrary it follows that x(a) is P.-measurable on E. 


LemMaA 5.2. If x(a) is G*-integrable over a set E and if f(a) is a real-valued 
summable function over E, with ||x(a)|| < f(a) for every a in E, then 


| G*) Jf x(oaa| | < (G*) J fleda. 


Proof. This follows immediately from the second part of Theorem 3.3(a) 
and the definition of the G*-integral. 


THEOREM 5.1. Let {x,(a)} be a sequence of P.-measurable functions defined 
on E with values in X. Suppose ||x,(a)|| < f(a) for all values of n, and all a 
in E, where f(a) is a real-valued summable function over E. Suppose also that 
X_(a) converges to x(a) in E almost uniformly. Then x,(a) is G*-integrable over 
E for each n, x(a) is G*-integrable over E, and 


(5.1) lim (G*) J ala)da = (G*) J (ede. 


Proof. x(a) is P.-measurable on E by Lemma 5.1. Furthermore, given » > 0 
there exists 6 > 0 such that for e contained in E and |e| < 4, 


(G*) J flare < he. 


Let P and P’ be any two closed sets in E, on each of which x(a) is G-integrable, 
and such that |E — P| < 6, |E — P’| < 6. Then 


mised 
| (G*) fxd — (G*) f saa | 
| | (G*) xda — (G*) xda 


| | (G*) wil | + | 











Jl <e 





A 
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Hence x(a) is G*-integrable over E by Theorem 4.1, and the same argument 
shows that for each n, x,(a) is G*-integrable over E. 

Finally, let x(a) = x,(a) — y,(a). By our hypothesis there exists a set 
E’ contained in E, such that |E — E’| < 4, and a fixed positive integer N 
such that for m > N we have 

||x(@) — x,(a)|| < 7B] 
on E’. Then 





| G*) f tx(@) - ss(a) |da| | 
= | (G*) J. (a)da + (G*) J. (adda | 


¢||or fro] + [o> fre 





| 
< | (G*) J yuladde | +6) f _ 2f(a)da 
zB E—E’ 
—1.. if 
< 312] |E’| + in<n. 
This completes the proof. 


Coro.iary. If {x,(a)} is uniformly bounded on E, and x,(a) converges to 
x(a) in E almost uniformly, then (5.1) holds. 


For a sequence of real-valued Lebesgue measurable functions on a bounded 
set E, convergence almost everywhere is equivalent to convergence almost 
uniformly. It is clear then that Theorem 5.1 is a generalization of the well- 
known dominated convergence theorem of Lebesgue. However, because of 
the failure of a theorem of the Egoroff type to hold, in general, for P,-measur- 
able functions the traditional hypothesis of the Lebesgue theorem cannot 
be retained, and we must require specifically that the functions converge 
almost uniformly. 


6. The equivalence of the G*-integral and the Birkhoff integral. It 
is easy to show directly that the G*-integral includes the Bochner integral. 
However, the Birkhoff integral also includes that of Bochner and is more 
general than the latter. For this reason we shall compare the G*-integral with 
that of Birkhoff. 

Macphail (8) points out that if x(a) is bounded on E the infinite partitions 
of Birkhoff may be replaced by finite partitions. If B is a finite partition of 
E into measurable subsets e,, and if we define 


S(B) = Di x(Edled, DB) = CXalx(E’) — «(Es led, 


and w(8) = sup|/D()||, where &,, &,, £:’ are arbitrary points in e, the diam- 
eter of the integral range which appears in Birkhoff's definition (1, p. 367) 
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is precisely w($). Then a bounded function x(a) is Birkhoff integrable if and 
only if there exists (1, Theorem 13) a sequence of partitions {$,} such that 
w($,) — 0. The following lemmas are consequences of the above definitions, 
with the aid of Theorem 3.1. 


LemMA 6.1. Jf B is any finite partition of E on which a bounded function 
x(a) is (Bk)-integrable then 


| oe) f xia — 5(8)|| < w() 


LemMaA 6.2. If Q is a set consisting of a selection Q of the subsets comprising 
L then 


| | (BR) J xt ~ s(0)|| < 02) < o(9). 


In (1) the function x(a) is considered to be defined on an abstract domain 
on which a measure is defined. However, as in the previous sections, we 
restrict the present discussion to a function defined on a bounded Lebesgue 
measurable linear set, observing that the same proofs hold for n-dimensional 
sets. The Birkhoff integral of x(a) over E will be denoted by (Bk) J wx(a)da. 


THEOREM 6.1. If x(a) is Birkhoff integrable over a set E then it is also G*- 
integrable over E to the same value. 


Proof. Suppose first that x(a) is bounded on E, and let M > 0 be such that 
\|x(a)|| < M for all a in E. Let {$,} be a sequence of finite partitions of the 
set E which yield a Birkhoff integral. That is, for each n, E = €g; + én2 + 
...+ €,x. Then, given « > 0 we can choose closed sets e°,; contained in the 


éx; such that the measure of E% = e°: + e°2 +... + e% differs from the 
measure of E by less than ¢«/2". 
Let F = E%,(\ E%(\.... This is a closed set and its measure differs from 


that of E by less than e. We show that 
kn 


lim 3° x(E)IF A ead = (Bk) f x(a)de 


taco i=l 


First of all (1, Theorem 14), x(a) is (Bk)-integrable on F. Also, the sets 
F (\ e*,; form a partition of F which we may denote by $,:). Clearly $,:») 
consists of a selection of sets from §,’, the partition of E formed by the sets 


FO ent Cnt — F, and €,4 — €na, Let ee = 


Moreover, §,’ is a refinement of the partition $, of E. Then, by Lemma 6.2, 


kn 


(Bk) f da — Ss x(E)/F A ed 


i=1 














| 
| (Bk) ff xda —~ SBan)| 
< o( Barr) < w($,’), 








bat we 
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and by Theorem 3.1, w(f,’) < o(f,), where w(f,) is associated with the 
original sequence {$,} and approaches zero as n—» ~. This leads to the 
desired conclusion. Then, given 7 > 0 we can find and fix an m, depending on 
n, such that 


: 


Now the closed sets e*,,; are disjoint and finite in number. Let d be the 
minimum of the distances between any two of these closed sets. Then, taking 
an interval [a, 6] containing E divide it into subintervals of length less than 
d, that is, 





km | | 
SHEP A e'n| — (BR) f da} | < w(Bu) <a. 


@ = a < ai <...<a, = BD. 


Consider sets of the form F (\ Aa, where the Aa, are as described in definition 
3.1. We see that each set F(\ Aa,(i = 1,2,...,m) is equivalent to a set 
F CY e°msy (\ Sa, for some j, and the collection of such sets forms a refinement 
of the partition ,,:7). Then it follows that 





S x60 /F A deal — (BE) f (a)dal | 


n bom 


Dd x(&)|F AM day] — >} x(E)|F A) ems! 


1= 








< 





} | 


| 
+ Dy x(E:)|F A e’ms| — (BR) f eda | 


< 20 (Pm) < 2n. 


Thus x(a) is G-integrable on the closed set F where |E — F| < «. Hence 
x(a) is P.-measurable over E and being bounded it is G*-integrable over EZ 
by Theorem 4.3. Further, the G-integral equals the Birkhoff integral on F. 
Hence, as |E — F| +0, we have (G) J rxda approaching the limit (Bk) 
J exda since the Birkhoff integral is absolutely continuous and a completely 
additive set function on E. Therefore, 








(G*) ji xa = (Bk) J xd. 


If x(a) is unbounded on E but is Birkhoff integrable there it is also Birkhoff 
integrable on every measurable set ¢ contained (1) in E and it follows that 
as |e| — |Z], 


(Bk) J xe — (Bk) J sda. 


Now, given « > 0, if E’ is a measurable subset of E over which x(a) is bounded 
and such that |E — E’| < }e then (Bk) [»-xda exists and hence (G*) fx, xda 
exists. Then there is a closed set P contained in E’ with |E’ — P| < }« and 
such that (G) Se xda exists. Hence x(a) is P.-measurable on E. Then, given 
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7 > O there exists 5 > 0 such that for P, P’ contained in E, with |E — P| 
< 6, |E — P’| < 6, and on each of which x(a) is G-integrable, 


|) fe — (6) Jie 


= | | (Bk) J xia — (Bk) f s0| | 


< | | (Be) fi xae| | + | | (Be) f xda| | <1. 


Thus x(a) is G*-integrable on E. 
Finally, since x(a) is P,-measurable on E there is a sequence of closed sets 
{P,} with |P,| — |E| and on each of which x(a) is G-integrable. Hence 


(Bk) f xda = lim (Bk) f xda = lim (G) | xda = (G*) fda. 
E \PalolBl Pa [\PalolEl Pa E 


CorOLuary. If x(a) is Bochner integrable over E then it is also G*-integrable 
over E to the same value. 


This follows at once from our theorem and the proof that Birkhoff’s integral 
includes that of Bochner (1, p. 377). 

The fact that the everywhere discontinuous function given in the introduc- 
tion is G*-integrable, being P.-measurable and bounded, but is not Bochner 
(strongly) measurable, shows that the converse does not hold. 


THEOREM 6.2. If x(a) is G*-integrable over E then it is also Birkhoff integrable 
over E to the same value. 


Proof. First suppose that x(a) is bounded on E, ||x(a)|| < M for all @ in 
E. Given ¢« > 0 there exists a closed set P, with 


—— ee 
E-PI<z. 


on which x(a) is G-integrable. By a suitable subdivision + we can partition 
this set into sets e, = P (\ Aa; and have 








| | > [x(&.') — x(E/")]\e:| 
for all ,’, &,’ in e,. Now by taking a set J, the complement of P in E, plus the 


sets ¢,, we have a partition of the whole set E and can form the sum 


D(B) = De [x(E/) — x(E2") Iles] + {fe(s) — (G2) ]| JI, &, Ein J}. 


€ 
_ 


Then 


sup 





€ € 
|p| | Sot! =« 








1 
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By starting with a sequence {e,} such that «, +0 as m — © we can con- 
struct a sequence of partitions $, such that 


o($,) = sup ||D(P,)|| — 0. 


Thus the Birkhoff integral over E exists and is clearly equal to (G*) J exda. 

Next, suppose that x(a) is unbounded on E. Then, given « > 0, we have to 
find a partition under which >> x(é,)|e,| is unconditionally summable and the 
diameter of the integral range is less than e. 

Let E;, Ex,...be non-overlapping sets in E such that >°\Z,| = |E| and 
x(a) is bounded on each E,. For each E, let €, be a partition into sets e,, 
such that w(€,) < «,, © «, = $e. Let 6 > 0 be such that for a measurable set 
e with |e| < 6 we have 


| |G*) ff x(a)da | < te. 


Choose N such that |Ey| + |Eys:| +... is less than 6. Next, choose any 
finite set of the e,,, with 7 > N, and denote it by &: (e:, es, ..., &). Let 


€= @ + éeot+... + &. 
Then 


(G*) J (ada 


exists and hence 
(Bk) J x(a)da 


exists by the first part of the proof, and by Lemma 6.1 we have 


|| wey fda — s(@) | < w(€) < ¥ o(G,) < ¥ g = be 


Also, since e is contained in Ey + Eysi +... we have 


| cf x(a)da| 


s(@)|I = | 








= | |r) ff x(a)da| | < te. 


Then 


| | 

| (Bk) f xda - (Bk) | xda + S(@)| 
| 7 - | 

< || Br) fxd} | + | | (Bk) J xda - S(@)| | 


< 4¢+ fe =. 


Hence >-;, x(€s:)|e,;| is unconditionally summable. Finally, the diameter of 
the integral range corresponding to the set of partitions €,, which we shall 
denote by F {¥1, x(Es1) less|}, satisfies the condition 


DS sy xlEn) ley} < Zw (E,) < Le, = he. 
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Since these are the conditions for Birkhoff integrability (1, Theorem 13) the 
proof of the theorem is complete. 


7. 
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FUNCTIONS WHICH HAVE GENERALIZED 
RIEMANN DERIVATIVES 


C. KASSIMATIS 


1. Introduction. Let f(x) be a measurable function defined in the interval 
(a, 6), and let 


4, (x, 2h;f) = >> (- y(") se + 23 — nh) (h>O;n = 1,2,...). 


j=0 


If the limit of (24)-* A, (x, 2h; f) exists and is finite at the point x, as h + 0, 
it is called the mth generalized Riemann derivative of f(x) at the point x, 
D"f(x). Considering the upper and lower limits of the above expression we 
can similarly define the upper and lower mth generalized Riemann derivates, 
D*f(x) and D*f(x) respectively. If D*f(x) = D*f(x), their common value is 
the mth generalized Riemann derivative D"f(x). 

If two functions F(x) and G(x) are such that the mth ordinary derivative 
of F(x) — G(x) is equal to zero then F(x) and G(x) differ by a polynomial of 
degree at most m — 1. The main purpose of this paper is to study the relations 
between two functions F(x) and G(x) where the mth generalized Riemann 
derivative of the continuous function F(x) — G(x) is equal to zero, first for 
derivatives of second order and later for derivatives of higher order. 

In the case = 2, if D*?(F — G) = 0 then F(x) — G(x) is linear. This 
follows from Denjoy’s work. In order to form a background for a study of 
the cases in which m > 2 we first give a proof for » = 2 in conformity with 
our notations and methods. It turns out that for > 2 additional conditions 
must be imposed on F(x) — G(x) to ensure that D"(F — G) = 0 makes 
F(x) — G(x) a polynomial of degree at most m — 1. These conditions are 
considered in §4. Our main result is Theorem 4.2. 


2. Definition of the operators H, and H;. Let F(x) be a single valued 
function defined over a given domain. Then 








(2.1) Ha(F:a, 6,1) = Flr) — £—* F(8) - X—4 Fea), 








(2.2) Ha(F:.a, 8, 7,8) = F(8) — P— VO — Ory) — ESE rep) 
_ @ — 8)@6 — 7), 
(a — )(@— 7)” 


Received July 10, 1957. The author wishes to express his appreciation to Professor R. L. 
Jeffery for suggesting this investigation. 
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where a, 8, y, 6 are on the domain of F(x), and a, 8, y are distinct points except 
in the case of H; when y may coincide with a or with 8. The operator H, is 
defined in §4 (Definition 4.1). 


3. The fundamental theorem for n = 2. If F(x) and G(x) are defined on 
[a, 6] and are such that F(x) — G(x) is continuous on (a, b], and D*?(F — G) = 0 
at all points of (a, b), then 


H,(F: X1, X2, X3) = H.(G: X1, X2, X3) 
for every three points of [a, b] with x, # xs. 


This theorem has been proved for the case where F(x) and G(x) are both 
continuous by James (3) and by Jeffery (4) where use is made of convex 
functions. In our proof no use is made of convex functions. 

In order to prove the fundamental theorem for » = 2 we need the following 
result due to Denjoy (2, pp. 18-19). We give a proof in conformity with the 
notations and methods which we shall use for m > 2. 


THEOREM 3.1. Let D*f(x) and D*f(x) be the upper and lower second generalized 
Riemann derivates of f(x) which is continuous on |a, 6]. Then, for every three 
distinct points of {a, 6], x1, x2, X32, 


(3.1) inf Dif(x) < 2a zu te) & sup D¥(x). 


a<z<d (x3 — x1) (x3 — x2) a<z<d 





To establish this theorem we consider the function 


(3.2) g(x) = H;(f: x1, x2, Xs, x) (a<x <b). 


According to (2.2), g(x:) = g(x2) = g(xs) = 0. Let us assume x; < x3 < 2X2. 
Then, the continuous function g(x) attains a non-negative maximum at some 
point g of the interval (x, x2); this is obvious if g(x) > 0 at one point of 
(x1, x2). The point g may coincide with x;, as it happens when g(x) < 0 at all 
points of (x1, x2). Consequently 


[g(¢ + 2h) — g(q)] — [g(g) — g(g — 2h)) < 0, 
whence, according to (2.1) 
(3.3) (2h)~* H2(g: q — 2h, g,q9 + 2h) <0 


for any h, 0 < 2h < min (¢q — x1, x2 — q). 
Returning now to (3.2) we can obtain by simple computation 


(3.4) Hi(g: pr, po, ps) = Hf: pr, pa, ps) _ _Hal f: %1, X2, X3) 
' (Ps — Pi)\(Ps— 2) (bs— pi)(bs— p2) (xs — x1) (x3 — X2) 


where #1, p2, ps are three arbitrary distinct points. Thus, setting p; = g — 2h, 
pP2 = q, Ps = 9 + 2h: 
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H:(g: q — 2h, q. + 2h) _ H2(f: gq — 2h, g, g + 2h) 


(3.5) (2h) (2h)? 





2 Half: x1, X2, X3) 
(x3 — %1)(%3 — Xs)" 





Relations (3.3) and (3.5) combine to give 
H,( f:q — 2h, q, 9 + 2h) 2 H2( f: x1, x2, X3) 
(2h)° (x3 — X1)(xs — x2) © 
Considering a sequence of / for which the left side of (3.6) tends to the upper 
second generalized Riemann derivate of f(x) at the point g, D*f(q¢), we have 


_2 Half: x1, X2, Xs) 


(x3 — x1) (x3 — X2) 


(3.6) 





< 


D*f(q) < 


and consequently 


(3.7) inf D*f(x) < 2 HF: x1, Xa, Xs) 


a<r<d (x3 — X1)(x%3 — X2) 


By a similar argument dealing with the minimum attained by the con- 
tinuous function g(x) on the interval (x,, x2), we arrive at the relation 


2H (f: X1, Xa, X3) 
3.8 D’ ; 
ae sup D f() > (x3 — 1)(x3 — X2) 
Relations (3.7) and (3.8) establish Theorem 3.1. 
In proving relation (3.1) we assumed x, < x; < x2. However, (3.1) holds 

for x;, X2, x3; arbitrary but distinct since the expression 

2 H2(f: %1, X2, X3) 

(x3 — %1)(x3 — x2) 








remains invariant under all permutations of x;, x2, xs. 

In order to prove the fundamental theorem for m = 2 we consider the 
functions F(x) and G(x), where F(x) — G(x) is continuous on [a, 6] and 
D*(F — G) = 0 at all points of (a, b). Then, by (3.1) 


2H.(F — G: x1, Xe. X3) 
= 0 
(x3 — x1) (x3 — X2) 





for every three distinct points of [a, 5], x1, x2, xs. It follows that 
H.(F = G: x1, Xo, X3) = 0 
whence, according to (2.1) 
H,(F: X1, Xo, X3) = H2(G: x1, X2, x3). 
4. The fundamental theorem for n > 2. The fundamental theorem 


fails for nm = 3 as we can easily show by considering two functions F(x) and 
G(x) that are defined on the interval [— 2, + 3] and are such that F(x) 
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—G(x) = |x|. The function |x| is continuous on [— 2, + 3] and is such that D*/x| 
= 0 at all points of (— 2, + 3). Yet, H;(\x|:— 1,0, 1, 2) is not zero as can be 
seen by applying (2.2). Similarly, relation (3.1) fails, because H;(|x|:— 1,0, 1, 
2) € 0. 

As we have mentioned in §1, in order to generalize the fundamental theorem 
we must impose additional conditions on the difference F(x) — G(x). One 
procedure is to impose conditions on the generalized Riemann derivatives of 
F(x) — G(x); in this way, we can show the following: 


THEOREM 4.1. If F(x) and G(x) are defined on |a, b| and are such that at every 
point of (a, b), D*(F — G) = 0, D*(F — G) exists, and D'(F — G) exists, 
then 

H;(F: x1, X2, X3, X14) = H3(G: x1, Xe, X3, X4) 


for every four points x1, X2, X3, x4 of [a, 6), the first three being distinct. 
Remark 4.1. We can make Theorem 4.1 stronger by replacing the existence 


of D?(F — G) with the weaker condition that 


lim (2h)~* H.(F — G:x — 2h, x,x + 2h) =0 


a0 
at every point x of (a, 5). 
LemMaA 4.1. Jf (2h)—' H2(f: x — 2h, x, x + 2h) tends to zero with h for every 


x € (a,b), and tf D'f(x) exists at every point x of (a, b), then the derivative 
exists at every point x of (a, b): in fact 


#. f(x) = D'f(x). 
It follows that f(x) is continuous on |a, 6}. 
The truth of this lemma follows from the identities 
+ (4h)~'[f(x + 2h) — 2f(x) + f(x — 2h)] 
= (4h)~"[f(x + 2h) — f(x — 2h)] — (— 2h)“[f(x — 2h) — f(x], 
—.(4h)"[f(x + 2h) — 2f(x) + f(x — 2h)] 
= (4h)~"[f(x + 2h) — f(x — 2h)] — (2h)~"[f(% + 2h) — f(x)]. 
Taking limits as h — 0 (hk > 0), we get 


0 = DYf(x) — “ fix). 


In order to prove Theorem 4.1 we observe that the function F(x) — G(x) 
satisfies the conditions of Lemma 4.1, and consequently its derivative exists 
everywhere on (a, 5). Then, according to a theorem of Verblunsky (6, p. 
393), together with the condition that D*(F — G) = 0 everywhere on (a, d), 
we conclude that F(x) — G(x) is a polynomial of degree at most 2 on [a, 8]. 
We have by direct application of (2.2) 











ce 


ve 
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A, (F: X1, X2, X3, X4) = H;(G: X1, X2, Xs, X4). 


We now determine a set of conditions, different from those of Theorem 4.1, 
under which H;3(F: x, x2, X3, x4) = H3(G: x1, x2, x3, x4). 


DEFINITION 4.1. Let F(x) be any single valued function defined over a 


given domain. Then we define 
n+l F 
H,(F: X1, Xa, ~~ +» Xny Xn+1) = Wa+1(%Xn+1) . > a. 
j=l Wn+2(X;) 
where 


Wasi (y) = Io — X), 


and the “primes’’ denote ordinary differentiations. For » = 1, the above 
relation reads 


H,(F: x1, X2) = F(x.) — F(x); 


for nm = 0, we have Ho(F:x,;) = F(x). 
Now, let f(x) be defined and continuous on [a, 5], and suppose that 


inf D*f(x) and sup D"f(x) 


a<z<d a<z<md 

are finite. 

Set 
(4.1) g(x) = Aysilf: %1, X2, ~~.» Xn¢1,%) (a <x < 5), 
(4.2) y(x,h) = Hy-2(g:x% — nh + 2h, x — nh + 4h,...,x + nh — 2h) 

(kh > 0) 

where x1, X2,...,%n41 are m + 1 arbitrary points of [a, 6] such that x, < x, 
qe KM KX Sat 

It follows directly from (4.1) that g(x,) = 0, where i = 1,2,...,”+4+ 1. 
Consequently, the continuous function g(x) attains m extrema, each of which 
is an absolute extremum over one of the intervals (x,, x,4:), (j = 1,2,...,). 


Let g be the point of (x;, x2) at which g(x) attains its absolute extremum 
over the interval (x, x2). Then, for # fixed and small, we can find two points 
x’ and x” of the intervals (x;, g) and (g, x2) respectively, such that 


[g(x’ + h) — g(x’— h)) [g(e"+ h) — g(x’ h)] <0 


where x’ + h = q = x” — h. The function u(x, h) = g(x + h) — g(x — A) is 
continuous in x for h fixed. It follows that u,(x, h) vanishes at some point of 
the interval [x’, x] (x1 < x’ <x” < x2), because u,(x,h) changes sign 
between x’ and x”. 

Dealing in a similar way with the absolute extrema of g(x) over the remaining 
n — 1 intervals (x,,x,4:) (s = 2,3,...,), we conclude that the function 
u,(x, h), for hk fixed and small, vanishes at m points of the interval (x1, %,4:). 

Applying successively the same argument to the functions 


u(x, h) _ U1 (x + h, h) — Uy-1(x = h, h) (t = 2, 3, soe yt — 2), 
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we conclude that the function y(x, 4) = u,_2(x,), for h fixed and small, 
vanishes at three distinct points of the interval (x1, x41), Ln, Ma, and N, 
with L, < M, < N,,. It follows then that the function y(x, hk), which is con- 
tinuous in x, attains an absolute non-negative maximum at some point Q, 
of the interval (Z,, N,) if y(x, #4) > 0 at one point of (Ly, N,). The point Q, 
may coincide with M, if y(x,h) <0 at all points of (Z,, N,). Similarly, 
y(x,h) attains an absolute non-positive minimum at some point R, of the 
interval (L,, N,) and Q, # R,. Consequently 


whence 


(4.3) ¥(Qn + 2h, h) — 2y(Qn, kh) + ¥(Qn — 2h, hh) < 0 
for any h, 0 < 2h < min (Q, — Ln, Nx — Qh). 
Relations (4.2) and (4.3) combine to give 
(4.4) (2h) H,(g: Q, — mh, Q, — nh + 2h,...,Qr + nh) <0 (h > 0). 
Dealing in a similar way with the point R,, we obtain 
(4.5) (2h) H,(g: Ra — nh, R, — nh + 2h,...,R,a+ nh) >0 (h > 0) 
for any h, 0 < 2h < min (R, — La, Na — R,). 


DEFINITION 4.2. The continuous function f(x) belongs to the class K, of 
continuous functions if for arbitrary « there exist h’ and h”’, satisfying (4.4) 
and (4.5) respectively, such that the expressions 
(2h’)" H, (f: Qu — nh’, Qy — nh’ + 2h’,..., Ow + nh’) 

(2h")™ H,(f: Rye — nh”, Ry: — nh" + 2h”,..., Ry: + nh’) 
lie in the interval [inf D*f(x) — «, sup D*f(x) + «] (a < x < d). 


(4.6) 


THEOREM 4.2. If the continuous function f(x) belongs to the class K,, of con- 
tinuous functions on |a, 6], then 


n! H,(f: x1, %2,..., Xn+1) 
(Xn41 — %1) (Xn41 — X2) ~~. (Xng1 — Xe 





(4.7) inf D*f(x) < + < sup D"f(x) 
a<z<d ) 


a<zr<d 


for every n + 1 distinct points of [a, b], x1, x2, ... , Xn41- 


Consider the identity 


H,,(g: Pi, cees Pn+1) -_ ff: Pi, “ees Pa+1) 


(Pati — P1)--- (Pati — Pu)  (Pntr — Pi).-- (Pati — Pa) 
(48) H,(f: x1... Xnt1) 











(Xnt1 — X1) ~~~ (nts — Xn) 
where 1, p2,...,Pa41 are m+ 1 arbitrary distinct points. We substitute 
Pi = Qy — nh’, po = Qn’ — (m — 2)h’,... , Pasir = Qe + nh’ and thus we 


obtain 











a 
4 
’ 
B 


L- 
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H, (g: Qy = nh , oot Ow + nh’) = H,(f: Ow = nh’, . ees Ow + nh’) 
(4.9) (2h )* (2h )" 
_ __ wm! HC f: x1, « . . , %n41) 
(Xn41 — %1) ~~~ (ngs — Xp). 








Similarly, we substitute in (4.8) p: = R,,, — nh”, pb. = Ry, — (nm — 2)hk",..., 
Pari = Ry, + nh”, and thus we obtain 








H,(g: Ry — nh”, ..., Ry +h") — H(f: Ry — nh”,..., Rye + nh’) 
(2h )" a (2h )" 
(4.10) _ __ ml Hf: x1, . . . » Xn41) 
(Xn41 = %1) eee (Xn+1 = Xn) 


Relations (4.4), (4.5), (4.9), (4.10) combine to give 
H,(f: Qv — nh’, ..., Qn + nh’) < we! Fi,(f: x1, ..., Xn41) 








(2h )" Ciena = Ba). « - Glnca — Me) 
H,,(f: Ry = nh"’ gees Ry: + nh’’) 
< hy" ——_ 


whence Theorem 4.2 follows because the expressions (4.6) lie in the interval 
finf D"f(x) — ¢«, sup D*f(x) + «] (a < x < 3). 


THEOREM 4.3. If F(x) and G(x) are defined on |a, b| and are such that F(x) 
— G(x) belongs to the class K,, and D"(F — G) = 0 at all points of (a, b), then 


H,(F: Miyeeey Xn+1) = H,(G: Miyeeey Xn+1) 


for every n+ 1 points of [a, 6], x1,...,%n41, Where x1,...,%_ are distinct 
points. 


To prove this theorem we consider the functions F(x) and G(x) where 
F(x) — G(x) belongs to the class K, and is such that D*(F — G) = 0 for 
a <x <b. Then according to (4.7) H,(F — G: x,...,%a41) = 0. It then 
follows from the definition 4.1 that 


H,(F: Miyeeey Xn+1) = H,(G: Ripe eey Xn+1). 


5. Additional remarks. Theorem 4.2 reduces to Denjoy’s theorem 3.1 
for m = 2. Indeed, let f(x) be defined and continuous on [a, 6] and suppose 
that 


inf D*f(x) and sup D’f(x) 


a<z<d a<r< 
are finite. Putting = 2 in relations (4.1) and (4.2) we obtain 
g(x) = H3(f: x1, x2, Xs, x) 


(a <x < 5) 
y(x,h) = Ho(g: x) 
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whence, by the definition 4.1, we have y(x, hk) = g(x). Consequently, the 
roots and the extrema of (x, #) are independent of h and are identical with 
those of the function g(x), respectively. The expressions that correspond to 
(4.6) are obtained by setting » = 2, and thus we get 


(2h)~* H2(f: Q — 2h, Q, Q + 2h) 
(5.1) 


(2h)~* H(f: R — 2h, R, R + 2h). 


Due to the fact that D*f(Q), D°f(Q), D*f(R), D*f(R), lie in the interval 
[inf D*f(x), sup D*f(x)] (a < x < 5), it follows that for arbitrary «¢ there 
exist values of & for which the expressions (5.1) lie in the interval [inf D*f(x) 
— «, sup D*f(x) + «] (a < x < 6). Consequently, the arbitrary continuous 
function f(x) belongs to the class K, and we conclude that the class K, is 
identical with the class of all continuous functions of x. Thus, Denjoy’s theorem 
3.1 as well as the fundamental theorem for m = 2 are particular cases of the 
general theorems 4.2 and 4.3, respectively. 

Further, it is easy to show that if the function f(x) possesses an mth ordinary 
derivative or a de La Vallée Poussin derivative of order n, fi) (x) (5, p. 1), 
at every point x of (a, 5), then f(x) belongs to the class K, of continuous func- 
tions. Indeed, in both these cases the function f(x) possesses an mth generalized 
Riemann derivative D"f(x) equal to the mth ordinary derivative, or to fi) (x), 
respectively, at every point x of (a, 6). Moreover, it is known (1, p. 207) that 
in either of these cases the expression (2h)—" H,(f: x — mh, x — mh + 2h,..., 
x + nh), where a < x—mnh < x + nh < 5, lies in the interval [inf D*f(x), sup 
D"f(x)] (@ < x < 6). It then follows that the function f(x) belongs to the 
class K,. 
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ON SOME THEOREMS OF DOETSCH 
P. G. ROONEY 
1. Introduction. The spaces §,(w), 1 <p < ©, w real are defined to 


consist of those analytic functions f(s), regular for Res > w and for which 
up(f;x) is bounded for x > w where 


~ 1/p 
(1.1) mo(fiz) = yo q ste + iy) dy} , l<p<@ 
and 
(1.2) Ho(fix) = sup |f(x + ty)|. 


These spaces have been extensively studied—for example, see (2), (4). 

In particular two results connect these spaces with the theory of Laplace 
transforms. These are that if e~*‘¢(t) € L,(0, ~), 1 < p < 2, and if f is the 
Laplace transform of ¢, that is, 


f(s) = Je" ota, Distin 


then f € §,(w) where 
(1.3) p7+¢°' =1, 


and that conversely if f € $,(w), 1 < » < 2, then f(s) is the Laplace trans- 
form of a function ¢ such that e~*‘¢(t) € L,(0, ©). For 1 < p < 2, these 
two results are due to Doetsch (2), and for p = 1 they are trivial. The two 
results concern the same space if and only if = 2, when they give necessary 
and sufficient conditions that f(s) be the Laplace transform of a function @ 
such that e~“*‘¢(t) € L2(0, ©). 

Recently the author (6, 7) has considered the Laplace transformation of 
functions of the form P¢(t), ¢ € L,(0, ©), A > — g', and we propose to 
generalize Doetsch’s results so as to deal with functions of this type, though 
we shall have to restrict \ to be positive. To this end, which is achieved in 
§ 2, we shall first define certain new spaces $,,,(w), \ > 0,1 < » < @, which 
in a sense are generalizations of the spaces §,(w). 

In the case p = 2 we shall see that we again obtain necessary and sufficient 
conditions for a representation, and in § 3 we shall relate these results to 
some previous work of ours and by so doing show that in this case the con- 
ditions for the representation can be slightly relaxed. 

Doetsch (2) has further shown that for » = 2 a certain real inversion 
formula for the Laplace transformation, originally due to Paley and Wiener 
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(5, p. 39), is very useful. In § 4 we shall show how this formula can be general- 
ized to deal with Laplace transforms of the type mentioned earlier. 


2. Generalized spaces. In this section we first define the spaces §y.», 
and then prove two theorems generalizing Doetsch’s result. 


Definition. Do»(w) = H,(w). If \ > 0, Hr.»(w) consists of those functions 
f(s) € $,(e’) for every w' > w and such that u,(f;w) is finite, where 


(2.1) w(f;) = icc — w)”""(uy(f; x)) “dx, l<p<o 
and 
(2.2) wi(fi) = sup (x — w)'u(f; x). 


It is clear that $,,(w) is a linear space. It is easy to show that it is a Banach 
space under the norm 


{up(f; w) /T(ag)} “4 4>0,p>1 
Wflln = 4 milfs) 1>0,p=1 
{ sup my(f:2) ~ 


Also an easy proof shows that if || f ||,,, < M,0 <A < Ao, then || f|/o, < M, 
and || f |l,.2 || f ||o.» as \—+ 0+. Since these properties are not needed in 
what ensues, they will not be elaborated further here. 


THEOREM 1. If e~‘¢(t) € L,(0, ©), 1< p< 2,rA4>0 and 


f(s) = f e** \o(t)dt, Res >, 
0 
then 
f(s) € Hy .¢(w). 


Proof. lf \ = 0,1 < p < 2, the theorem follows from (2, Theorem 2), and 
if \ = 0, p = 1, the result is trivial. 
If \ > 0 and w’ > w, then since 


Pe-@’-~) # 
is bounded for ¢ > 0, 
ec" Po(t) € L,(0, @), 


and hence by (2, Theorem 2) f(s) € 5,(w’). It remains to show u/(f;w) is 
finite. 


If p=1, x>w, 


f(x + iy)| < sve t| p(t) |dt 


so that 














ON SOME THEOREMS OF DOETSCH 














tol(fix) < Jet Plowlae 
Hence, 


wfs0) = [Ge — 0) na(fsxdde 
< ic — w)"dx fre Aloola 
J 'Aie@lae fre — wv)" 6 dx 


r(a) Joma < @, 


and f € $,,..(). 
| If1<p<2,r°(>0,x>4, 


f(x — ty) = Jremce**Pomyae 


is the Fourier transform of a function in L,(0, ~), 1 < p < 2. Hence by 
(8, Theorem 74), for x > w, 


rod Ve ~o ) Ve 
u(f;x) = 1 Se + iy)|*ayt - 1 iz if — iy)|* dyt 
' = l/p 
< 1 J Pen? at} ; 
so that for x > wa, 


(ug(f;x))? < J e?** P| o(t)|? dt. 

Hence, we have 
| wi(fia) = [Ge = a) (fix)? ae 

a pr»—1 cag —prt pr; Dp 
<J (x — w) ax f eo" "| b(t) |? dt 
_ ” oh ? = ae pr—1 —prt 
= fi | p(t) | af (x — w) e”*" dx 
= TON f, mor at < ©, 


and f € $y,,(w). 


THEOREM 2. If f € Dy»(w), 1 < p < 2, A > O, then there is a function > 
with e~*'o(t) € L,(0, ©) such that 


f(s) = J ee f(t) dt. 
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Proof. Without loss of generality we may assume w = 0, for otherwise we 
deal with f(w + s). We shall consider first the cases 1 < p < 2. 

By the definition of §,,,, f € 5,(w’) for each w’ > 0, and hence, for each 
fixed x > 0, f(x + ty) € L,(— ~, ~). For x > 0 let 


Felt, x) = + [fle + ay)e'™ dy. 


By (8, Theorem 74), asa — © F, converges in mean of order q, as a function 
of t, to a function F(t, x) € L,(— ©, ~). Consider, however, the integral 


Jrisretas 


taken around the rectangle with vertices at x; + ia and x2: + ia where 
0 < x1 < Xo. 
The integral along the upper side is 


f(x + ia)e’** dx = em f f(x + ia)e™ dx. 


But if we let ®(¢) = f(w’ — it), where 0 < w’ < x;, we have that 4(f) is 
an analytic function regular for 7 = Jmf > 0, and for » > 0, 


f |\@(E + in) |? dé = f \f(w" + » — 4&)|? dé 
= f fw’ + 9 + 2)? dE = 2r(u,(f; 0’ + 0))’, 


and this is bounded for 7 > 0 since f € $,(w’). Hence, by (8, Lemma, p. 125), 
@(§ + in) > 0 as §-+ — © uniformly for 6<< R where R>6>O. 
Taking £ = — a,9 = x — w’, R = x2 — w’, 5 = x — w’, we have f(x+ia)-0 
as a— © uniformly for x; < x < x2, and the integral along the upper side 
of the rectangle tends to zero as a-—> ~. Similarly the integral along the 
lower side tends to zero as a—» ~. Hence, asa— —, 


f f(x: + iy)e"* dy a f f (x2 + iy)e"* dy = 0, 


that is, 
e™ F(t, %1) = e™ F,(t, X2) — 0. 


Thus the mean limit over any finite ¢-interval is also zero, so that for almost 


all t 
e™ F(t, x1) = e* F(t, x2), 
and we may write 
F(t,x) = & *F(t). 
By (8, Theorem 74) 


(23) So Foe at < (fi) 
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Since for any 6 > 0 the right hand side of (2.3) is bounded, say by K(6), for 
x > 6, we have 


8 - 
f |F(t)|"dt < am f \F(t)|* eo! dt 
< K(s)¢*" 40 as x. 
Thus F(t) = 0 a.e. for t < 0, and (2.3) becomes 


(2.4) f |F(t)|* edt < (up(f; x))*. 
0 
Multiplying (2.4) by x®~' and integrating, we obtain 
r( r) ” a q ¥ @q-1 . q 
PQY foeeroltae < fe? u,Ui2)) ae 


= up(f;0) < @, 


so that ft’ F(t) € L,(0, ©), or F(t) = Po(t), where ¢ € L,(0, ©). Finally, 
from (8, Theorem 74), for x > 0 and almost all y, 


co —tyt 
€ — 


. a d = i —zt » 
f(x + ty) -if ze PO) dt 


a 2 fe Pome [io du 
dy 0 0 


d : ops (z+ tu) t ,r 
=o fiau J er™* #o(t) dt 


-f e Ft * Pot) dt, 


0 





the interchange of the order of integrations being justified by Fubini’s theorem. 
But since the functions appearing on either side of this equation are con- 
tinuous, the equation holds for all y and thus, if Res > 0, 


f(s) = foe to(t) dt. 


For » = 1 we proceed as follows. By the definition of $1, f € G:(w’) for 
any w’ > 0, and thus for each x > 0, f(x + ty) € Li(— ~, ~). Forx>0 
we let 


F(t, x) = +f f(x + iy)e*™ dy. 


Then it follows in practically the same manner as previously that for almost 
all ¢ 


F(t, x) = &* F(t). 


Hence, 


(2.5) e *|F(t)| < +f" f(x + ty) |dy = m(f; x), 
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and since the right hand side of (2.5) is bounded as x — ©, we must have 
F(t) = 0 for t < 0. 
Multiplying both sides of (2.5) by x* and taking suprema, we obtain 
sup x* e~*|F(t)| < ui(f; 0). 
But 


A —t 
supxé¢ =Xe ft, 
z>0 


so that 
t| F(t)| < M, t> 0, 
that is F(t) = P(t) with @ € L.(0, ©). 
Finally from (8, Theorem 3), for x > 0 


R oo 
f(x + iy) = tim f oe" o(t) dt -f e FO 9 (t) dt, 
Roa 0 0 
so that for Res > 0 
f(s) = f e*'t o(t) dt. 
0 


3. The case » = 2. Theorems 1 and 2 together give for p = 2 necessary 
apd sufficient conditions that f(s) be represented as the Laplace transform 
of a function of the form #¢(t) with e~*‘¢(t) € L:(0, ©) and A > 0. However, 
these conditions can be somewhat relaxed by using a previous result of ours. 
This is done in the following theorem. For convenience we write here \ = 4. 


THEOREM 3. A necessary and sufficient condition that an analytic function 
f(s), regular for Res > w be the Laplace transform of a function of the form 
Arg (t), with e~*'o(t) € L2(0, ©), w real, v > 0, is that 


Joe oye - f(x + iy) [dy < ©. 


Proof. We may suppose, without loss of generality, that w = 0. In (7) we 
showed that a necessary and sufficient condition for such a representation 
is that 


(3.1) 


= n! 2 ~- 
2, T(v +2 +1) Ital < @, 


where 


a= & (*t7) A pq 


gore \U— 7 


We shall show here that the two conditions are equivalent. 
Now, if » > 0, 


n! _ Bin+1,v) _ 2 * aot _— 9t\1 
To+n+1) °&#£T@) “J A=—r) @, 











al 
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and hence (3.1) becomes 


1 Ca 
aah J. r(1 — rv’) (= aa’) dr < @, 
the interchange of integration and summation being permitted since all 


summands are positive. 
But it was pointed out in (7) that 


a. ar ; 
2», ae = Ga Isl <1, 


where F(z) = f($(1 + 2)/(1 — 2z)). Hence, from the Parseval theorem for 
power series (3, p. 245), forO < r < 1 


es ee 
Ly, '% QeJo |(l — re”) 


and (3.1) becomes 














(3.2) fa — 9 )"rdr fF _F(re") ‘@ <o@ 
; aI'(v) Jo o |a- re'tyr*t 5 
However, the transformation 

re“ =z i-2 420-3 


sth xtiyt} 


maps the interior of the unit circle in the z-plane conformally and univalently 
onto the half-plane Res > 0, and making this change of variable in the 
integral, (3.2) becomes 


v—1 ) =) 
od, 2 J We + inlay < ©, 
that is, the condition of the theorem. 

It is worth noting the points in which the conditions are relaxed here. 
Using Theorems 1 and 2 we obtain the condition f € §,.2(w) as necessary 
and sufficient for such a representation. From the definition of $,,2(w), this 
implies f € S2(w’) for every w’ > w, that is, that 


f° ee + ala 


be bounded for x > w’, for every w’ > w, and it is this condition that is 
dropped. It may also be noted that Theorems 1 and 3 together imply that 
the condition f € $2(w’) for each w’ > w, can be dropped from the definition 
of Hy.2(w’). 

It is natural to ask whether the condition f € §,(w’) for each w’ > w can 
be dropped from the definition of §,,,(w) for other values of p. For p = 1 
and » = @ this question can be answered affirmatively. In the case p = 1, 
this follows from the fact that for x > w’ > w, 


mi(f;x) < (w’ — wo) Wilf), 
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and for p = @ the affirmative answer can easily be shown to follow from a 
theorem of Doetsch (1) which asserts that log u,(f;x) is a convex function 
of x. For the remaining values of p the answer is not yet known. 


4. Inversion for p = 2. The inversion theorem is proved below. We first 
prove a preliminary lemma. 


LEMMA. Suppose  € L:(0, ©), 4 > 0, and 
f(s) = f et b(t) dt, s> 0. 
0 


Then fors>0 


a we h—-1 - —_— 
FOr J. (e — 5)" fle)de = f e** p(t)dt. 
Proof. 
= y — e\! 33s pT = — > os 
ro J, (¢ — s)" fle)de = aay J. (o — s) dof et b(t) dt 
a atin A a - _ 1-0 


free dt, 


the interchange of the orders of integration being justified by Fubini’s theorem. 


THEOREM 4. If ¢ € L2(0, ©), AX > O, and 


f(s) = f et o(t)dt, Res > 0, 
0 


then 
tC A @ 
o(t) = Li.m. a f f(s) E,(st, a) ds, 
an 0 


where for x > 0, 
Abt ty 
TA+s+iy) ™ 
Proof. For \} = 0 the result is given in (2, Theorem 6). We shall deduce 


the result for \ > 0 from that for A = 0. For this suppose \ > 0. Then by 
the lemma 


Bte.a) = fire 


Oy imc - s)f(e) doa 


is the Laplace transform of ¢, and hence 


(4.1) o(t) = Lim. ra) ec a) ds Jvc — s)" f(@) de. 








tr 
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But since the theorem is true for 4 = 0, it follows that if g(s) is the Laplace 
transform of a function in Z,(0, @), then for all sufficiently large a 


J eo(st, ade(s) las < @, 
Also, as in the proof of the lemma, if s > 0 
Joe - 9 @)\de < [we - 9 'de [Moma 
- fre"lowla = Z(s), 
and thus since |¢(¢)! € L2(0, ), we have for all sufficiently large a 


f \Eo(st, a)|ds f (¢ — s)*"If(e) \do < J" \Ea(st, «)R(s)\ds < @. 
0 s 0 


Hence by Fubini’s theorem we may interchange the order of integrations in 
equation (4.1) and obtain 


(4.2) o(t) = Lim. Z f fle)de J (o — s)*"Eo(st, a)ds. 
ral (A) 0 0 


a+ 


However, 


=a) Jo — s)*""Eo(st, a)ds 
7 rovd, (o — "ds J. Re ET ot? } 
“ 5a e RAE i f _— te Heasy dy 
° rays 5) eB OLA + inf 


of Red (ot) *** a = {E,(st, a) 
oe (TOA + 4 + ty)) y ait laid 
Hence (4.2) becomes 








o(t) = Lim. —f- f(s) Ey (st, a) 


Coro.iary. If e*'o(t) € L2(0, ©), A > 0, and 
f(s) = f et o(t)dt, Res > w, 
0 
then 
oo 
o(t) = é*' Lim. — f(s)Ex((s — w)t, a)ds. 


Proof. The result follows on applying the theorem to f(s + w), which is 
the Laplace transform of fe~*‘¢(t). 
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SPECTRAL THEORY FOR THE DIFFERENTIAL 
EQUATION Lu = \ Mu 


FRED BRAUER 


Introduction. Let ZL and M be linear ordinary differential operators defined 
on an interval J, not necessarily bounded, of the real line. We wish to con- 
sider the expansion of arbitrary functions in eigenfunctions of the differential 
equation Lu = \Mu on I. The case where M is the identity operator and L 
has a self-adjoint realization as an operator in the Hilbert space L*(J) has 
been treated in various ways by several authors; an extensive bibliography 
may be found in (4) or (8). A characterization of the self-adjoint realizations 
of L by means of boundary conditions has been given by Kodaira (11) and 
Coddington (3). The elementary approach used by Coddington and Levinson 
(4; chap. 10) has been used by the author in (1) to show the existence of 
eigenfunction expansions in the general case, provided M is a positive, semi- 
bounded operator. Here, a different existence proof is given, based on the 
spectral theorem and the theory of direct integrals of von Neumann (12). The 
method, first used by GAarding (6) in the special case mentioned above, can 
be applied to the case where L and M are elliptic partial differential operators, 
but the results obtained are not as general as those of Gelfand and Kostyu- 
cenko (9), Browder (2), and Garding (8). 

Following the development of GAarding (7, 8), the existence of a Green's 
function is shown, and the analogue of the formula due to Titchmarsh (14) 
and Kodaira (11), relating the Green’s function to the spectral matrix, is 
obtained. Finally, the self-adjoint realizations are studied, and are charac- 
terized by boundary conditions. 

The author is indebted to Professor Lars Garding for suggesting the topic 
of this investigation, as well as for many valuable suggestions in the course 
of his work. 


1. The spectral theorem in direct integral form. Let « be a measure 
on the real line R, and let »(A) be a function defined for all real A, taking 
the values 1,2,..., and , and measurable with respect to ¢. Consider 
vector-valued functions F(A) = [F,(A), F2(A), ...] with »(A) complex-valued 
components. Let L*(¢,v) be the set of all such functions with measurable 
components for which the square norm 


v(\) 


(F, F) = f |F(A)|"do(d), where |F(A)\?= > |F,()|’, 


k=l 
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is finite. The equivalence classes of L*(c,v) with respect to functions of 
vanishing norm form a separable Hilbert space. We identify functions in the 
same equivalence class, and thus refer to L*(c,v) itself as a Hilbert space, 
with inner product (F,G) = fanF()G(A)do(a), where 

(A) 


F(A)G(A) = > F,(A)G,(A). 


Since the value F(A) of F at the point A is an element of a Hilbert (sequence) 
space H of dimension »(A), we may regard L*(¢, v) as a symbolic integral of 
the H, with respect to ¢, called a direct integral. The formula 

¥(A) 


F(A)G(A) = p>} F,(d)G, (A) 


means that each H has been referred to an orthonormal basis. This has been 
done for convenience only, and other bases will be used in section 3. 

Let A be a self-adjoint linear operator on a separable Hilbert space H. Then 
a form of the spectral theorem due to von Neumann (12) states that there 
is a direct integral L*(¢, v) and a unitary mapping U from H to L?(¢, v) which 
diagonalizes A in the sense that UAU~' is multiplication by \ in L*(c, »). 
More precisely, if D, is the domain of A, then U(D,) consists of those F € L*(¢,v) 
for which AF(A) € L*(¢, v), that is, for which far? F(A)|?do(A) < @, and if 
Fe U(D,), then UAU-'F(A) = AF(A) for almost all A. The measure o is 
concentrated on the spectrum of A, and the number v(A) may be called the 
multiplicity of the point \ in the spectrum of A. If \ is an eigenvalue of A, 
then o has a jump at X, and there are v(A) linearly independent eigenfunctions 
of A at X. If L*(o1, »:) and L?(e2, v2) are two direct integrals which diagonalize 
A in this manner, then o; and a2 are equivalent (have the same null sets), 
and »; = v2 except on a set of o-measure zero. 


2. The eigenfunction expansion theorem. Let / be an interval on the 
real line, not necessarily bounded. Let L*(J) be the set of all complex-valued 
square integrable functions on J, with inner product (f, g) = frf(x)g(x)dx. Let 
Land M be linear ordinary differential operators of orders m and m respectively 
(n > m), defined by 


Lu = ’ Py (x)u*®, Mu = > qi(x)u™®. 
i=O a, 


We assume that the p,; and g; are complex-valued functions of class C*-‘ and 
C™-‘ respectively on J, and that neither po nor go vanishes on any compact 
subinterval of J. 

Let C"(Z) denote the set of complex-valued functions of class C* on J 
which vanish identically outside a compact subinterval of J. We will always 
assume that L and M are symmetric, (Lf, g) = (f, Lg) and (Mf, g) = (f, Mg) 
for all f,g € C(I). This implies that L and M coincide with their formal 
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adjoints. We will also assume that M is semi-bounded with a positive lower 
bound, (Mf, f) > c(f,f) for some constant c > 0 and all f € C%(J). The 
symmetry and semi-boundedness of M imply that [f, g] = (Mf, g) = (f, Mg) 
may be considered as an inner product on C")(J). Let H be the Hilbert space 
completion of C*)(J) in this inner product. It is clear that H contains all 
functions whose derivatives up to order m belong to L*(J) and which vanish 
identically outside a compact subinterval of J. It is easy to verify that H 
can be identified with a linear subset of L?(J). Considered as an operator in 
the Hilbert space L?(J), M has at least one self-adjoint extension. There is 
a unique self-adjoint extension M of M whose domain Dy is contained in 
H. The range of M is L*(J), and M has a bounded inverse mapping L*(J) 
into H. This result is due to Friedrichs (5); see also (13; pp. 331-334). We 
consider ML as an operator in H with domain C*%(J). This operator is 
symmetric since [M—'Lf, g] = (Lf, g) = (f, Lg) = [f, M~'Lg] for f, g © C*o(J). 
We assume that M-'L has a self-adjoint extension A, considered as an 
operator in H. If M and L have real coefficients, then M~'L is a real operator 
and always has at least one self-adjoint extension (13; p. 329). Also, if L is 
semi-bounded in L*(J), (Lf, f) > df, f) for some constant d and all f € C*)(J), 
then M-'L is a semi-bounded operator in H. Decreasing the lower bound if 
necessary, we may assume d < 0. Since [f, f] > c(/, f), d/clf, f] < dUf, f), and 
[M-"Lf, f] = (Lf, f) > dU. f) > d/clf, f] for f € C(D, and M-"L is semi- 
bounded. Then by the theorem of Friedrichs cited above, M-'L has at least 
one self-adjoint extension. 
We can now state the main result to be obtained in this section: 


THEOREM 1: Let A be a self-adjoint extension of M~'L, considered as an 
operator in H. The spectral theorem furnishes a direct integral L*(c,v) and a 
unitary transformation U from H to L?(c,v) which diagonalizes A. Under the 
conditions imposed above on L and M, this transformation is given by 
(Uf)(A) = f Mf (x) E(x, A)dx for f € Du and its inverse by (U-'F)(x) = 
fnF(A)E(x, d)do(r) for F € L*(e,v), with the integrals converging to the func- 
tions in the norms of the Hilbert spaces L*(o,v) and H respectively. The com- 
ponents of E(x, ) are linearly independent functions for almost all , having 
locally square integrable derivatives with respect to x, and are improper eigen- 
functions (not necessarily belonging to H) of the differential equation Lu = \Mu 
for almost all d. If Xo is an eigenvalue of Lu = \Mu, then the components of 
E(x, Xo) are proper eigenfunctions. 


It is well known (4, pp. 190-191) that there exists a fundamental solution 
k(x, y) for the operator L with the following properties: 

(i) The function k and its partial derivatives up to total order (m — 2) are 
continuous on the square JxJ. The partial derivatives of orders (m — 1) and 
nm are continuous except on the diagonal x = y, and the partial derivatives 
of order (m — 1) have a jump of 1/fo(y) on x = y. 
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(ii) As a function of x, k satisfies Lu = 0 if x # y. 

(iii) If S is any compact subinterval of J and f is any function belonging 
to C%(I), then f(x) = fsk(x, y)Lf(y)dy for x € S. 

Let S be any compact subinterval of J and let 3 € C*% (J) be equal to 1 
on S. If f € C%(S), then f(x) = fsk(x, y)Lf(y)dy = fsk(x, y)os(y)Lf(y)dy for 
x € S. The function k(x, )¢s( ), for any fixed x € S, vanishes identically 
outside some compact subinterval of J and has square integrable derivatives 
up to order » — 1 > m. Thus k(x, )ds( ) belongs to H and f(x) = 
(Lf, k(x, )Gs( )) = [Af, R(x, )bs( )]. 

Let L*(c, v) be a suitable direct integral and let U be the unitary mapping 
of H to L*(¢, v) which diagonalizes the self-adjoint operator A. The fact that 
U is unitary is expressed by the Parseval formula, 


Lf, g] = (Uf, Ug) = Ja(Uf) (A) (Ug) (A)do (A) 


for any f,g € H. Here, and in all that follows, an expression of the form 
Ug, where U is an operator and g is a function, will denote the complex con- 
jugate of Ug. Let f € C% (S), and let g belong to D®, the set of functions g 
in Dy such that Mg vanishes identically outside S. We let F = Uf, G = Ug, 
K(x, ) = U{k(x, )ds( )}, E(x, ) = AK (x, A). Then 


f(x) = [Af, k(x, )s( )] = (UAS, K(x, )) = (Uf, K(x, )) = (F,E(x, )), 
or f(x) = frF(A)E(x, \)do(d). In addition 


Lf, 2] = (f, Mg) = Ss[fanF(A)E(x, \)do(d)]MG(x)dx 
= faF(A)[feMg(x)E(x, d)dx]do(a), 


the. interchange in the order of integration being justified by the absolute 
convergence of the integral. On the other hand, [/, g] = fnF(A)G(A)do(A), and 
thus G(A) = {sMg(x)E(x, \)dx for almost all 2. 

The Parseval formula gives ||k(x, )¢s( )|!? = falK(x, d)|*de(A), so that 
Safn|K (x, d)|*do(A)dx < ©. By the Fubini theorem, faf's|K (x, \)|*dxdo(A) <@, 
and SalK(x, \)|*dx is finite except for \ in a set of o-measure zero. Then 
SslE(x, \)|*dx is finite if \ is outside this same null set. We can redefine E 
without changing its equivalence class in L*(c,v) by making E(x, \) = 0 
when } is in this null set, and then {5|E(x, \)|*dx is finite for all X. 

For g € C%(S), we have seen that (Ug)(A) = fsMg(x) B(x, d)dx. Since 
MAg = Lg, which vanishes identically outside S, Ag € D8, and the above 
relation holds with g replaced by Ag, so that (UAg)(A) = {sLg(x) E(x, d)dx. 
Since (UAg)(A) = (Ug) (A) for almost all A, fs[Lg(x) — AMg(x)|E(x, \)dx =0 
when \ does not belong to a set N, of o-measure zero, with N, dependent 
on g. The same is true for a sequence g, of functions when \ does not belong 
to the null set 

N= UN,,. 


j=l 


| 
| 
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We choose the sequence g, dense in C%(S), and then SslZg(x) — \Mg(x)] 
E(x, \)dx = 0 for all g € C%(S) if \ ¢ N. We let E(x, \) = O if \ € N, and 
then this relation holds for all }. Thus the components of E(x, A) are weak 
solutions of Lu = \Mu on S. It follows from a well-known theorem on weak 
solutions of partial differential equations that the components E, of E(x, d) 
have derivatives which are locally square integrable, that each E£, is of class 
C" in x after correction on a null set for each A, and that LE, (x, 4) = AME, (x,d) 
for k = 1,2,...,»(A) and almost all \. This theorem is easily proved by 
using the properties of the fundamental solution; see for example (10). 

The components of E depend on the compact subinterval S. Let E’ be 
another function with the same properties, corresponding to another sub- 
interval S’ > S. Then SsMg(x)(E,(x, h) — E’,(x, \)]dx = 0 for each k and 
almost all A, independent of g € D®. Since M(D5) is easily seen to be dense 
in L*(S), we may let Mg run through a countable dense subset of L*(.S), and 
it follows that the components of E(x, \) and E’(x, \) are square integrable 
in x over S and are equal for \ outside some null set P. We set E(x, A) = 
E’(x,) = 0 for A € P, and then E(x, \) = E’(x, d) for x € S and all \. By 
taking a sequence of compact subintervals S tending to J, we can extend 
E uniquely to a function defined for all x € J and all A. Each component of 
E is differentiable with respect to x, and its derivatives are locally square 
integrable. Also, LE,(x,\) = AME;,(x,) for k = 1,...,v(A), and the E, 
are improper eigenfunctions of Lu = }\Mu, not necessarily belonging to the 
space H. 

If Xo is an eigenvalue of A, then ¢ has a jump, which we may assume to 
be a jump of 1, at A». We choose F = 0 except at Ao, and F,(Ao) = 6» for any 
fixed index k < v(Ao). Then F € H and (U-'F)(x) = faF(A)E(x, d)do(A) = 
E,(x, 40) belongs to H. Thus, if A» is an eigenvalue of A, the E,(x, Ao) are 
proper eigenfunctions of Lu = \Mu. 

The eigenfunctions E,(x, \)[k = 1,...,(A)] are linearly independent for 
almost all \. To prove this, consider the matrices Q(A) = (¢n(A)) = (fsE,(x, d) 
E,(x, \)dx), where S is a compact subinterval of J. Let « = u(A) be the rank 
of Q(A), with the value u = © being permitted. Then u(A) < v(A), and the 
E,(x,) are linearly independent if and only if u(A) = »(A). We define the 
function F € L*(¢, v) as follows. If u(A) = v(A), we set F(A) = 0; otherwise, 
we set F,(A) = 0 if r > wu and make F,(A) proportional to the cofactor of 
Qar(A) in the w X w determinant of the g»(A) for j,k < wif r < uw. The pro- 
portionality factor can always be chosen to be non-zero and such that 
F € L?(¢, v). Now F(A)E(x, A) = 0 forall X. It follows that frF(A)G(A)do(A) =0 
if G = Ug and g is in some D®. Thus F = 0 except for A in a fixed null set, 
and the £,(x, A) are linearly independent except for \ in this null set. 

The inversion formulae f(x) = faF(A)E(x,)do(d) and F(A) = SsMf(x) 
E(x, \)dx, as well as the Parseval equality [f, g] = (F, G), which have been 
proved for f € C%)(S), can be extended to f € Dy by a standard density 
argument. They become f(x) = fnF(A)E(x, )do(A) and F(A) = f :Mf(x) EB (x,) 
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dx, with the integrals converging to the functions in the norms of the appro- 
priate Hilbert spaces. These formulae give the expansion of an arbitrary 
function f € Dy in eigenfunctions of the differential equation Lu = \Mu. 
This completes the proof of Theorem 1. 

Theorem 1 remains valid if L and M are elliptic partial differential operators 
with sufficiently differentiable coefficients on a domain J in ¢t-dimensional 
Euclidean space. The only change in the proof is caused by the slightly 
worse behaviour of the fundamental solution k(x, y) of L. A derivative of 
order j of k(x, y) is O(\x — y|*-***) near x = y for any « > 0 (10, chap. 3), 
and thus to ensure that the derivatives of order m are locally square integrable, 
we must impose the additional condition m — m > }t on the orders of L 
and M. 

Returning to the case of ordinary differential operators, let (x, A) 
[k = 1,...,m] bea basis of solutions of Lu = \Mu, with each ¢,; analytic in 
\ for fixed x. For example, we may choose ¢; to obey the initial conditions 
or (E, A) = bn [j,k = 1,...,m] for any fixed — € J. To prepare for the 
next section, we now express the eigenfunctions E,(x,\) in terms of this 
basis. Since the E,(x, A) [k = 1, ...,»(A)] are linearly independent solutions 
of Lu = \Mu, the dimension function »(A) < n. We write 


E,(x, X) = 2d, Tp s4(X, ) [p = 1,...,(A)], 


where the r,, are complex constants. The Parseval equality 


w(A) 


III? = IFIP = > | F(A) |"do(d) 


now takes the form 


vA) 2 " a 
ILI’ = J. De (VA) A) (VA) )rosrndo(d), 


p=l j,k=l 


where (Vf),(A) = [:Mf(x)$,(x, \)dx. We let 


r(A) 


Cx(A) = du Ty i pes 
p= 


and then (c,(A)) is a Hermitian positive semi-definite matrix of rank v(A). 
The formulae dpy(A) = cy (A)do(A), py (0) = 0, determine an m by nm matrix 
p(A) = (py(A)), called a spectral matrix, which is Hermitian, positive semi- 
definite, and non-decreasing. Let H* be the Hilbert space of all complex- 
valued vector functions F(A) = [F,(A),..., F,(A)] such that 


J. XO F:Odoa(®) < @, 


with inner product 


(F,G) = J. > F,(A)Gx(A)dp (A). 


j.k=1 















SPECTRAL THEORY FOR Lu = \ Mu 437 
The spectral theorem may be regarded as saying that (Vf)(A) = {f:Mf(x) 
$,(x, \)dx} defines a unitary mapping V of H onto H* which diagonalizes A. A 
straightforward computation gives 


(VF)(x) = J. XE, FA) one, Ndoa (0. 


3. Green’s function and the spectral matrix. Let A be a self-adjoint 
extension of M-'L, as in section 2, and let R, = (A — A), for Jm\ # 0, be 
the resolvent of A, a bounded operator in H. Earlier, we made use of the 
relation f(x) = Sak(x, y)os(y)Lf(y)dy for x € S, where S is a compact sub- 
interval of J and f belongs to C*)(.S). We now modify this in two ways. Instead 
of using a fundamental solution k(x, y) of L, we use a fundamental solution 
k(x, y,) of L — AM, and we no longer assume that f vanishes outside a 
compact subinterval of S. As a result, we have 


f(x) = Jak(x, y, \)os(y)(L — AM)f(y)dy + u(x) 


for x € S, where u satisfies Lu = \Mu. We apply this relation to Rf instead 
of f, obtaining 


Rif (x) = Sak(x, y, \)os(y)(L — AM) Rif (y)dy + u(x). 


Since (L — AM)Ryf(y) = Mf(y) for any f € C%(S) (which shows also that 
Rf € C*(J), so that the above relation can be applied to R,f), 


Rif (x) = Jak(x, y, \)os(y) Mf(y)dy + u(x). 


By the Schwarz inequality for the inner product in H, |R,f(x) — u(x)| < 
\|k(x, ,A)obs( )||. || f ||, so that Ryf(x) — u(x) is a bounded linear functional 
of f for x € S. Thus for each x € S and for Jm)\ # 0, there exists a function 
g(x, ,d) fA such that 


Rf (x) — u(x) = [f, 9(x, ,d)] = Sag(x, », A) Mf(y)dy 


for f € C%(S). Now we can write 


u(x) = falk(x, y, A)os(y) — g(x, y, A)IMS(y)dy, 
so that 


\u(x)| < ||R(x, ,A)bs( ) — g(x, , ADI]. IF II, 


and u(x) is a bounded linear functional of f for each fixed x € S. Then 
u(x) = fsv(x, y, A) Mf(y)dy for some v(x, , A) € H. Since Lu = \Mu for all 
f € C*(S), we can write 


u(x) = p C1(x, d), 


where ¢,(x, A) (¢ = 1,....,m) form a basis of solutions of Lu = \Mu, and 
the c,; are constants depending on f. This means that v(x, y, 4) has the form 


v(x, y,A) = Xu vy) ds(x, d). 
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We define 


G(x, y, ¥) = g(x,y, A) + Xu vs(y) d4(x, A), 
so that G(x, ,A) € H and 


Rie) = f le, 9, NMIOdy = I, Ge, , 0) 


This function G depends on the interval S but is uniquely determined by 
S. If S’ is another compact subinterval which contains S and G’ is the corre- 
sponding function, it is easy to see that G(x, y, A) = G’(x, y, A) for x,y € S, 
Im) # 0. Thus, by taking a sequence of compact subintervals S tending to 
I, we can extend G uniquely to a function G(x, y, A) defined for x, y € J, 
Im # 0. This function is called the Green’s function of A, and has the 
following properties: 

(i) G is analytic in \ for fixed x, y and Im) # 0, and has continuous partial 
derivatives with respect to x up to order m — 2 on I X I for fixed \ with 
Im) # 0. The partial derivatives of orders m — 1 and m are continuous 
except on x = y, and the partial derivative of order m — 1 has a jump) of 
1/po(y) on x = y if Im\ # 0. 

(ii) G(y, x, 4) = G(x, y, X). 

(iii) Considered as a function of x, G satisfies Lu = \Mu if x # y. 
(iv) G is uniquely determined by A. 

(v) If f € C%(J), then f(x) = f1G(x, y, A)(L — AM)f(y)dy. 

To verify these properties, we begin by noting that for any f € D® (the 
set of functions in Dy such that Mf vanishes identically outside S), 


Rf (x) = fle. y, 4) + > o:(x, routs) apo) dy 


“ Jew. y, d)Mf(y) dy, 


and therefore 


Sle. yd) — R(x, yd) — DL dale, routs) MPO) dy = 0. 


This implies, since the functions Mf for f ranging over D® are dense in L*(S), 
that G(x, y, A) has the same differentiability properties with respect to x as 


k(x, y, %) + > $1(x, A)v«(y), 


and thus the same properties as k(x, y, \), since the second term is of class 
C" in x. Since Rjf is analytic in \ for JIm\ # 0 and all f € Dy (13), G(x, y, d) 
is analytic in \ for fixed x, y and Im\ # 0 which completes the proof of (i). 
To verify (ii), we note that (Rf, g) = (f, Rxg) for f, g € Du, whence 


J J G(x, y, \) Mf(y)Mg(x) dydx = J fe. x, »)Mf(y)Mg(x) dxdy. 





te i i, er | re 








SPECTRAL THEORY FOR Lu = \ Mu 439 


Since the functions Mf for f ranging over Dy are dense in L*(J), (ii) follows. 
Since the difference between two Green’s functions would be an eigenfunction 
of A and the spectrum of A is real, the Green’s function of A is unique for 
Im) # 0. The property (v) is an immediate consequence of the definition 
of the resolvent. In view of (i), if f € C*o(S), we may apply Green's formula 
(4, p. 86) to L and M separately in (v) to obtain 


fle) = J Ey — Ki )GEe, », NI) dy, 


the subscripts indicating that the differentiations are with respect to y. Then 
(Ly, — 4M,)G(x, y, 4) = 0 for Im\ ¥ 0, x ¥ y, and application of (ii) yields 
property (iii). 

Now we express the Green's function in terms of a basis ¢(x, A) [k = 1, 
...,m] of solutions of Lu = \Mu. It is easily deduced from the above pro- 
perties of the Green’s function that G may be written 


G(x, y, A) = 2X Pa) osle, d) de(y, d) 


for y > x and 
G(x, 9,2) = DE Pond) dsl, 0) oe(%, 2) 
ji 


for y < x. The P,*+ and P,- are analytic in \ except possibly on the real 
axis, and P-,, = P+». We define the matrix P = (Py) by P(A) = 3[Ptpa(d) 
+ P-»(Ad)]. Then each Py is analytic for Im\ ¥ 0 and Py = Py. 


THEOREM 2. (Titchmarsh-Kodaira formula.) The Green’s function of A is 
related to the spectral matrix p associated with the basis of solutions ¢,(x,) of 
Lu = \Mu by the formula 


Puy = J om, 


where the elements of the matrix P are defined as above, and the formula is to 


be taken in the sense that 
N 
Pw) - Jes 
is analytic across the real axis on the interval (— N, N). 
Proof: Let f € Du. If Fy(\) = J:Mf(x)},(x, A)dx, then 
fix) = J Fouls, Nidal), 


as we have seen in the previous section. If 











440 FRED BRAUER 


u(x) = J. De (A — w) F(A) be(x, A)dpe(A), 


j.&k=1 


it is easy to verify that Lu — uMu = Mf, or u = R,f. Thus 


u( Vu) ,(d) pf Mu(xyo,ce, ) dx = J tuwreue, r) dx — JS mrewoue r) dx 


(VAu) (A) — (Vf) (A) = AC Vu) (A) — (VP)A), 


or (A — w)(Vu),(A) = (Vf);(A). Now, the Parseval equality applied to u and 
f yields 


(wf = JO (Yue Odon) 


= J. D (A — 2) F(A) Fe(A)dpn (A), 


j.&k=1 


and this is equal to 
n — Nd X 
Y Fiu)Fu) { 2a 
j.k=1 —N ae 


plus a function which is analytic unless yu is real and |u| > N. On the other 


hand, since u(x) = [ «G(x, y,u) Mf(y)dy, [u, f] = Sf G(x, y, w) MF (x) Mf (y)dydx. 
This expression is equal to 


Ze Plu) Filu) Flu) 


plus an analytic function. Since f may run through a dense subset of H, which 
means that F may run through a dense subset of H*, it follows that the 
elements of the matrix 


aN d r 
P(u) — a 
—N oe 


are analytic unless y» is real and |u| > N. 
Another form of the Titchmarsh-Kodaira formula is 


WT ae : 
(A) = lim tim 51> f [Pu + ie) — Plu ~ ie) du, 


60+ «0+ 


with p normalized to be continuous from the right and p(0) = 0, and with 
the formula interpreted as in Theorem 2 .We write 


Plu + ie) — Pi) = f"| — 1 | aote) + ws) 


—wLTtT —~w—-te T—pett 
= 21 f —O, + wi, 


where w(yz) is analytic unless yu is real and |u| > N. Then 
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1 A+é 
— lim lim [P(u + ie) — P(u — ie)] du 
24 3,04 «40+ 
A+6 
ui edp(r)dy 
=n tin ff eee 3 + mon 
A+6 edu 
= lim lim lf | dp(r) + w,(A) 
850+ ¢40+ Jw s (r—p) + .e 


N 
tim tim ” | eear{2t2=*) “ tan-*( #— £) | dove + wi(d) 


« lim [o(A + 8) — p(5)] + wild) 
mp(r) + wi(A), 


where w;(A) is analytic unless \ is real and |A| > N, as desired. 


4. Boundary conditions. Let D be the set of functions f in H with con- 
tinuous derivatives up to order m — 1 on J, such that f*-" is absolutely 
continuous on every compact subinterval of J, so that f™ exists almost 
everywhere on J, and such that Lf belongs to L*(J). Let T be the operator 
in H with domain D defined by 7f = M-'Lf for f € D. We assume that T 
has at least one self-adjoint restriction. Let R, be the resolvent of some self- 
adjoint restriction of 7, so that R,f(x) = f G(x, y, ) Mf(y)dy for f € Du, 
Im) # 0. Then R, is a bounded operator for Im) # 0, whose adjoint R*, is 
Rs. Let €(A) be the eigenspace of T corresponding to the value \, the set 
of all solutions in D of the differential equation Lu = \Mu. 


Lemma 1: T is a closed operator whose domain consists of all f € H of the 
form f = Rh + w, where h © H, w € E(A), Imd # O. 


Proof: Since R, maps H into D and (A) is contained in D, it is clear that 
every f of this form belongs to D. Conversely, suppose f € D is given. Let 

= 7f—y, w=f— Rar. Then Te = Tf — TRA = Tf — RA — b= 
Tf —h — \(h — w) = dw, and thus w € E(A), while f = Rk + w. When 
f is written in this way, Tf — \f = h. To show that T is a closed operator, 
take a sequence f; in D such that 


f=limf, and f* = lim Tf, 
ko 


ko 
exist. We can write f, = Ry(7f: — Af) + we, and we deduce that 
w = lim wy 
kc 

exists and belongs to €(A). Letting k + ©, we obtain f = R,(f* — Af) + w, 
which implies f € D arid Tf = f *. This proves that T is closed. 

Since T is closed and its domain D is dense in H, T has a closed adjoint 7* 
whose domain D* is dense in H. Also, T = 7** = (7*)*. If M is a subspace 
of H, let H — M denote the orthogonal complement of M in H. 
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Lema 2: D* consists of all g € D of the form g = Ryz, where z € H — &(i). 
The adjoint operator T* is a restriction of T and is closed and symmetric. 


Proof. g* = T*g means [T7f, g] = [f, g*] for every f € D. By Lemma 1, any 
f€D may be written f = Ryh+w, with A € H,w€ &(X), and then 
Tf = Xf +h. Substituting in the equation [T7f,g] = [f, g*], we obtain 
[Mf + h, g] = [Rh + w, g*], or [RRsh + Kw + h, g] = [Reh + w, g*]. This is 
equivalent to 

[h, ARx*g + g — Rx*g*] + [w, Ag — g*] = 0 


for all h € H, w€ &(X). Then Ag — g* =z is orthogonal to €(X) and 
g = Rx*z = Ryz. Since D and D* are obviously unaltered by complex con- 
jugation, 9 = RZ belongs to D*, and by Lemma 1,9 € D, so that g € D. 
Conversely, if g = R,z with z € €(X), we let g* = — z — dg, and find that 
g € D*, g* = T*g. Thus D* is as described in the statement of the lemma, 
and is contained in D. Now T D T*, T = (7T*)* D T*, and 7* is symmetric. 

Since T = (7*)*, the theory of the Cayley transform implies that 
D = D* ®@ E(t) @ E(— i), where @ denotes a direct sum. Let the linear 
spaces €(i) and €(— 7) have dimensions r+ and r~ respectively. Since the 
set of solutions of the differential equation Lu = \Mzu is a linear space of 
dimension n, neither of these dimensions can exceed mn. The defect index of 
T* is (r+, 7~), and 7* has self-adjoint extensions, which are restrictions of 
T, if and only if r+ = r~. We have already assumed that T has at least one 
self-adjoint restriction. This assumption is equivalent to the assumption 
7+ = rt = 1, which we now make .We will characterize all the self-adjoint 
extensions of 7* by boundary conditions. The self-adjoint extensions of 7* 
are in one to one correspondence with the unitary operators U of €(i) onto 
€(— i). Corresponding to any such U there is a self-adjoint extension A of 
T* whose domain D, is the set of all f € D of the form f = f*+ (1 — U)f* 
with f* € D*, f+ € &(a), where 1 is the identity operator on €(7). Conversely, 
every such A has a domain of this type. Let yi,...,y, and 2,...,2, be 
orthonormal bases for €(i) and €(— i) respectively. Then every f+ € €(7) 
is of the form f+ = 2}..a,4y,, for some constants a,. The effect of U on f+ 
can be represented by a unitary matrix U = (u,); 


Uf* = > a,Uy,; = 2d, a; yi U j22r- 
Thus f € D, if and only if 
f=f*+ Dy 284 


where f* € D* and 
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Green’s formula (4, p. 86) is 


” =_ _ 
J seedete) — se) Lele) Mae = Uel(B) — Uel(@), 


for f,g © D, where [a, 8] is any compact subinterval of J. Here [fg](x) is a 
bilinear form in the derivatives up to order (m — 1) of f and g which is non- 
degenerate for all x € J. It follows easily from Green's formula that [fg] (x) 
is skew-Hermitian, [fg](x) = — [gf](x). If I is the interval (a, 5), then 


Lfe](a) = lim [fel(~) and [fe]() = lim [fe](=) 
exist for all f,g © D. We let 
< fe > = [fel(o) — [fe] (@). 


A homogeneous boundary condition is a condition on f € D of the form 
< fa > = 0, where a is a fixed function in D. The conditions < fa, > = 0, 
[j = 1,...,p] are said to be linearly independent if the only set of complex 
numbers 71, ..., Y, for which 


p 
u ¥;<fa;> =0 
j= 


identically in f€ Dis yi =... = y, = 0. It is easily seen, since [7f, g] — 
if, T*g] = <fg > = 0 forall f € D,g € D*, that these boundary conditions 
are linearly independent if and only if the functions a, ...,a, are linearly 
independent (mod D*). A set of p linearly independent boundary conditions 
< fa; > =0 [j = 1,...,] is said to be self-adjoint if <aa,> = 0 for 
j,k = 1,...,. Two sets of boundary conditions are said to be equivalent 
if the sets of functions satisfying the two sets of conditions are identical. 


THEOREM 3: Jf A is a self-adjoint extension of T* with domain D,, then 
there exists a self-adjoint set of r linearly independent boundary conditions such 
that D, is the set of all f © D satisfying these conditions. Conversely, corresponding 
to a self-adjoint set of r linearly independent boundary conditions, there exists a 
self-adjoint extension of T* whose domain D, is the set of all f © D satisfying 
these boundary conditions. 


Proof. The proof is very similar to the proof of Theorem 3 in (3). First, 


suppose that A is a self-adjoint extension of 7* with domain Dy. There exists 
a unitary matrix U = (uw) such that 


f=f*+ Dy a 83 
for all f © Ds, where f* € D* and 


= 9- 2D Uyphe, [j=1,...,7]. 
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We will show that the conditions < fg; > = 0[j = 1,..., 7] are self-adjoint 
and that f € D, if and only if f satisfies these conditions. It is clear that 
g, € €(4) ® E(— 4), and thus 


> 7%; € D* implies > ¥2; = 0. 
j- j= 


Then 


Tr 


2X, 10;=90 and D> v; > Ujp2, = 0, 


and since the y, are linearly independent, this can happen only if y: =... 


= 7, = 0. It follows that the boundary conditions < fg, > = 0[j = 1,...,7] 
are linearly independent. It follows from Green's formula that < yy, > =2t5,, 
< 22: > = — Qtbn, < ye, > = 0 for j,k = 1,...,7, and thus 


<2 > = <IVM> — Do te < ie > — > Urp < Vp > 
(= p= 


+ Do stay < 2,8 > 


?.¢= 


246 5, me 2 p> Ut jelbeg- 

,— 
This vanishes for j7,k = 1,...,7 because U is a unitary matrix. Thus the 
boundary conditions are self-adjoint. If f € Dy, 


f=frt+ > Ggp, and <fg,> = <f*g,> + > Gy < 28; >. 
p= p= 


The first term vanishes since f * € D*, and the second term vanishes because 
the boundary conditions are self-adjoint. Thus if f € D4, f satisfies the bound- 
ary conditions. Conversely, suppose f € D and < fg, > =0O[j =1,...,7]. 
We can write 


f=f* + do bas + do oes 


for some constants b,,c; Then < fg; > = 0 implies 


T 


b,= —- > U jx, 


k=1 


or, equivalently, 


T 


= = U jpb s, 
j=l 


and this yields 
f=f*+ Dy b(y; —- > U px) 


= ft+ > bye, € Du. 
— 





Pr -— 





are © @®D 


ie al 
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To prove the converse, we assume that < fg, > = 0 [j=1,...,rlisa 
self-adjoint set of r linearly independent boundary conditions. It suffices to 
show that there exists a unitary matrix U = (u,) such that the given 
boundary conditions are equivalent to a self-adjoint set of the form <fz,> =0, 
where 


Tt 


B= 95- Lo upte, {j=1,..., 7]. 


k=l 


Since g, € D, there exists a unique set of complex numbers }», c such that 
gs) = 85+ a bine + = C ire, 
with g*, € D* [j = 1,...,7]. The relations 
< £4: > =0 imply > (byabe» — Copley) = 0. 


If the matrices B and C are defined by B = (b,), C = (cy), this may be 
written BB* = CC*. The linear independence of the g,(mod D*) is equivalent 
to the fact that the two sets of functions 


4; = > DiVey Z; = > C jxZn lj a T] 
are each linearly independent. Suppose there exist constants y:,..., y,, not 
all zero, such that 

y= ¥ 9,0. 
If 
’ : 
3 = > 124 
then < zz > = 0. Since z € &(— 24), [Tz, 2] — [z, Tz] = — 2i[z, 2] = <zz> 
= 0, and thus z = 0. Now y = z = 0 implies that there exist constants 


Y1,-++, Yr, not all zero, such that 
Dyes = Dy vets t+ Le ds + L v8, = O(mod D*), 


which contradicts the linear independence (mod D*) of the g,. Thus the 9, 
and Z, are linearly independent, which implies that the matrices B and C are 
non-singular. Let U = — B-'C. Then UU* = B-'CC*B*"' = B-'BB*B*-"', 
which is the identity matrix, and thus U is unitary. Now we define 


: 


2,=9,- DL upt, Cf er 


k=l 


If B-' = (dy), then 


De dy 83 - Dy d, sg* ; + Vy — > UpeZe, 
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and 

2 tn < Ses > = <i > SED, p=1,...,7, 
Thus f satisfies < fg,;> =O[j=1,...,7] if and only if </fg,> =0 
[j = 1,...,7], and the theorem is proved. 


If I is a finite interval [a, 5], the author has shown in (1) that ” boundary 
conditions are required. It is also shown in (1) that if M has real coefficients, 
so that m is an even integer, m = 2s, and these conditions include f(a) = ... 
= f(a) = f(b) =... = f(b) = 0, then H is a space of functions 
satisfying these m = 2s boundary conditions, and only (m — m) conditions 
are actually involved in defining the self-adjoint extensions. It may be con- 
jectured that, in general, if J is a finite interval, the definition of H involves 
m boundary conditions, and r = n — m. It is not clear how many boundary 
conditions, if any, are needed to define H if J is an infinite interval. 
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A SINGULAR BOUNDARY VALUE PROBLEM FOR A 
NON-SELF-ADJOINT DIFFERENTIAL OPERATOR 


R. R. D. KEMP 


If (x? + 1)ig(x) € L'(—@, @) the differential expression I(y) = — y’’ 
+ g(x)y generates a closed operator L on L*?(—@, ©), with domain D 
consisting of those functions y € L* with absolutely continuous derivatives 
and such that /(y) € L?. The case where g(x) is real-valued has been extensively 
investigated and yields an expansion of any f € L* in terms of the characteristic 
functions of L. We shall investigate the case where g is complex-valued. 

We shall find that there is a function W(s), analytic for Jms > 0 and 
continuous for Jms > 0, such that the squares of its zeros in Jms > 0 con- 
stitute a bounded set which is the point spectrum of L. The continuous 
spectrum of L is the set of \ > 0. In proving an expansion theorem real zeros 
of W cause difficulties and it is necessary to assume (Case II) that W has 
only a finite number of zeros in Im s > 0. The simplest form of the expansion 
is obtained if W has no real zeros except possibly at s = 0, and this must be 
a simple zero (Case I). 

Naimark (2) has considered the same differential operator on [0, ~) with 
a boundary condition at 0 and obtains similar results. He uses a modification 
of a technique for singular self-adjoint problems (1, chap. 9), while we shall 
use a modification of the Cauchy Integral technique used for non-singular 
non self-adjoint problems (1, chap. 12) and for general self-adjoint prob- 
lems (3). 

In § 1 we investigate the properties of certain solutions of /(y) = Ay and 
introduce W(s). We construct the Green’s function and investigate the 
spectrum of L in § 2. An expansion of the Green’s function for the general 


case is given in § 3, while in § 4 and § 5 we deal with Cases I and II respec- 
tively. 


1. Solutions of /(y) = \y. We shall set \ = s* and denote Re s by o and 
Im s by r. Also \* will denote the root of \ with 0 < argd? < x and K will 
denote any constant whose value is unimportant. 

It is easily seen by using variation of constants that a solution of /(y) = s*y 
will satisfy an integral equation of the form 
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(1.1) v(x) = cre + ce 
eg z ti oc z " 
+ 95s Je ‘g(é)y(e) d — 5 — x *o(E)y(E) dé, 





and conversely. In estimating solutions of (1.1) we shall make frequent use 
of the following lemma, which we state without proof. 


LemMaA 1.1. If ¢ and y are piecewise continuous functions on |a, b] and x is 
integrable and non-negative on |a, b] then 


$62) < ve) + f x@)o@ ae, © € (a,b), 
implies 
6) <¥@) + f x@v@ empl f x(wdul dz, x € (a, , 
a E 
and 
$2) < vx) + f xo) a, x € (a, 8), 
implies 
d E 
$2) <¥@) + f x@v@ exif xudul dz, x € (a, 0) 
LemMA 1.2. The solutions y(x, s) of (1.1) withe, = — cz = 1/2is, x1 = x2 = 0, 


and ¥(x,s) of (1.1) with c, = cz = 3, x1 = x2 = O exist for all x and s, and 
for any fixed x are entire, and even functions of s. 
As this result follows from well-known theorems we omit the proof. We 
note that y and 7 satisfy the initial conditions 
y0,s)=0 y'(0,s) 
a 3(0,s)=1 70,5) 


1 
0 


Il 


and that a modification of Lemma 1.1 yields the following estimates: 


irzl le! 
(1.3) ly(x, s)| < Eel W(x, s)| < (1 + Kiel) 


1 + |sx|’ 1 + |sx| 
LEMMA 1.3. The solutions y,(x, s) of (1.1) withe, = 1, ce = 0, 41 = x2 = @, 
and y2(x,s) of (1.1) with cq, = 0, co = 1, x1 = x2 = —©@ exist for all x and 


for rt > 0. For any fixed x they are continuous in s for r > 0 and analytic in 
s forr> 0. 


Proof. We shall prove the result for y,(x,s) only as the proof for ye(x, s) 


is similar. Setting ¢o(x, s) = 0 and 


dnti(x, s) = e* — f © g(E) da(E, s) dé 


Ss 


and using the inequality 


Jsin sx] & Kigle!™"(1 + |sx|)— 


|s| 











1s 


], 
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we see that the successive approximations exist for all x and for r > 0. For 
fixed x, ¢,(x, 5) is continuous in s for r > 0 and analytic in s for r > 0. An 
induction yields 


ldn+i(x, 5) — on(x, 5)| < [x Seteceic | c/n! 


for x > 0. This implies the uniform convergence of the successive approxi- 
mations for x > 0,7 > 0. An application of Lemma 1.1 proves the uniqueness 
and when we define 


yi(x, s) = y1'(0, s)y(x, 5) + y1(0, 5) F(x, 5) 

for x < 0 the regularity follows from the uniform convergence for x > 0 and 
from the known properties of y(x, s) and 7(x, s). The fact that the integral 
equation is also satisfied for x < 0 follows from a few manipulations with 
the definition of y,(x, s) for x < 0. 

Applying Lemma 1.1 yields estimates on y,(x, s) and y2(x, s) which allow 
us to draw certain conclusions about the asymptotic behaviour of these two 
solutions: 


(1.4) Iys(x, s)| < exy| - n+K f “elete la | x >0, 
. yt 

(1.5) lyi(x, s)| < ex] - Tx + a. e(e) a ; s #0, 

(1.6) lye(x, s)| < exp] rs +K f \ég (é) a | : x <0, 
- Fy 

(1.7) lye(x, s)| < exp] rs + is] Stee | :; s #0. 


LemMMA 1.4. The solutions y;(x, s) and y2(x,s) have the following asymptotic 
behaviour: 


(1.8) yilx,s) = e"(1 + 0(1)), yi'(x, s) = e*(is + o(1)) asx—> @, 


(1.9) yi(x,s) = (1 + o( : )), yi (x,s) = ise™(1 - o( 1)) as |s| > @, 


(1.10) yo(x, s) = e& "(1 + o(1)), yo’ (x, s) = & “"(— is +0(1)) asx — @. 


a id = em(140()), itd = =a 40() 


as |s| > @, 


Formulas (1.8) and (1.10) hold uniformly in s for r > 0 and (1.9) and (1.11) 
hold uniformly in x,‘for all x. 


Proof. For (1.8) and (1.10) we use (1.4) and (1.6) respectively in the 
appropriate form of (1.1) and its derivative. For (1.9) and (1.11) we use 
(1.5) and (1.7) respectively in the same way. 
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Lema 1.5. The Wronskian W(s) = yiyo' — y1'y2 is not identically zero, and 
can be calculated from the formulas 


W(s) = — 2is + : e "9 (x)y1(x, s) dx 


— 2is+ f e**9(x)yo(x, s) dx. 


Proof. It follows immediately from the regularity properties of y, and y2 
that W(s), which is independent of x, is continuous in s for r > 0 and analytic 
in s for r > 0. Direct computation with the integral equations defining , 
and ¥2 yields 


(1.12) W(s) = — 2is + J eeone, s) dé 
+ Jre“e@ne, s)d§+R 
where 
|R| = | _ tf sins — 8 pe yn(e, s) dé- fi cos s(x — £)g(E)ye(E, s) dé 


+ kf cos s(x — Eg(€)yn(E, s) ae- fo sin 2 — 8) oe) ya(6, 5) a 


< ar \g(€)| exp Gr e(u) |du) i 
[fewer Lf \g(u) du) ae| 
- 2s exp 2 f “\g(w)|du) - 1} exo( 1" lecwian) - 1], 


Here (1.5) and (1.7) have been used and it now follows that for s ¥ 0 
lim R = lim R = 0. 


Ia z>—-@ 


7e% (1.4) and (1.6) we see that |y,(0, s)| < K and ly, (0, s)| < K + |s! for 
= 1, 2 and thus using (1.3) we obtain the further estimates 


le“ “*y,(x, s)| < K(1 + |x|), le“*ya(x, s)| < K(1 + |x|) 
for all x and + > 0. Thus 


fre —"F5(x)yi(x, 5) dx 
and 
f e* **9(x)yo(x, s) dx 


converge uniformly in s for r > 0 and thus are continuous functions of s. 
Using this fact and the results about R obtained above it follows that we 











Ye 


¥1 
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may take the limit of (1.12) as x © or as x — — © and obtain the desired 
formulas for s # 0. The result follows for s = 0 by continuity. 
To see that W(s) is not identically zero we note that 


|\W(s)| = | — 2is + 7 e *g(x)yi(x, s) dx 


> 2\s| —- £ (2) exe 2 flew) lau) dx 
- 3 ~ eo( i it e(u)|du) |. 


Thus for large |s|, W(s) cannot be zero. 








CoROLLARY 1.1. The zeros of W(s) form an at most countable, bounded sub- 
set of r > 0, with limit points only on the real axis r = 0. 


This follows immediately from the analyticity of W(s) in r > 0 and the 
fact that W(s) = 0 implies 


isl < J lete)lae. 


We now complete our discussion of the asymptotic behaviour of y;(x, s) 
and ye(x, s). 


LEMMA 1.6. 
(1.13) yi(x,s) = (2 Ws) + o(1) )) asx—> — @ 
(1.14) ya(e, 2) = ( - We 4 5c») s+ @ 


uniformly in s forr > 6 > 0. 
Proof. We shall prove only (1.14) as (1.13) is similar. 


yx(x,s) =o + f sin sts =) g(é)yo(é, s) dé 


= | 1 + y ett sin Se — ED e(eyya(e, s) ae | 


z ett 
-<“]1 -f& Dis g(E)y2(E, s) dé 


z eriste-8 
+f 5 5s g(ede"ya(, 8) a 





ad ist 


et - MO 4 [PS “aig ® E)92(E 5) dE 





r erists-O 
+f‘ = e(ede""yn( 8) dt]. 


Now, the integral over the range from x to © approaches zero as x ~ @ 
uniformly in s for r > 6 > 0 from the proof of Lemma 1.5, and for x > 0 
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z eriste-8 - | 
iS ais bbe yal§, s) dé) 


2 a ae, ) 1 ¢*, 
<5; fe - le@)lexp] 5 J teu) la Ja 


2/2 z 
cK J eM igplae+K f eM ig@lae 


< Ke f ‘Ie(e) ae +K J lowes 


“co 


which certainly approaches 0 as x >@. 


2. The Green’s Function. If W(s) = 0 we may define 


1 Syi(x, s)yo(E, s) t<x 
K ’ ’ ay KN 
6S) = Wy, s)ya(e, 5) x<E. 
THEOREM 2.1. If \ is not real and non-negative, and W(d*) ¥ 0 then the 
Green's function G(x, ,) for l(y) — \y = f on the interval —~ <x < @ is 
K(x, &, \*), that is, iff € L?(—o@, ~) then y = |°..K(x, &, v) f (é)dé belongs 
to D and I(y) — dy = f almost everywhere. 


Proof. Let \t = s = o + ir as usual. By assumption r > 0 and W(s) ¥ 0 
so yi(x,s) and y2(x,s) are linearly independent solutions of l(y) = Ay. It 
follows from variation of constants that the general solution of l(y) — Ay = fis 


y(x) = cxyi(x, s) + Caye(x, s) 


ya(, 5) " y y2(x, 5) “ 
+t W(s) ss@ a(€, s) d& + Ws) f F(E)yr"€, 8) dé 


= ciy(x, 5) + capale, s) + J” K(x, & sdf) a 
where the existence of the integrals is trivial. As | K(x, &, s)| < K exp[—r|x—&]], 
y(x) = |*..K (x, &, s) f (&)dé is bounded by the convolution of a function in L! 


and a function in Z?. Thus y € L?(—@, ~). As W(s) # 0 it follows from 
(1.14) and (1.15) that 


cxyi(x, s) + cxye(x,s) ¢L*(— @, @) 


unless ¢; = cz = 0. So y is the unique L? solution of /(y) — Ay = f and y€ D 
follows easily from direct considerations. 


CoROLLARY 2.1. L is a closed operator. 


Proof. lf y, € D, ¥n, — y, and Ly, — f both in L?, then we must show that 
y € Dand Ly =f. As W(s) # 0 there is an so = oo + iro with ro > O and 
W(so) # 0, and we have 


yal) = J K(x, &, soln — sey] db. 
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Thus 


viz) =f" K(x, & sof — sey] ae 


almost everywhere. 

As the convergence is in L? we may replace the limit y by an equivalent 
member of L* so that the above relation is an equality and we have y € D 
and Ly = f. 


LEMMA 2.1. The adjoint L* of L is the operator with domain D defined for 
y€ D by — 
L*y = — yy" + g(x)y = Py). 


Proof. We first note that if y € D then yand y’ both tend to 0 as x approaches 
either + © or —o. This follows from 


y(x) = Jo xe, t, so)[Ly — so'y] dé for y € D. 


Thus if z € L* and there exists 2* € L? such that (Ly,2z) = (y, 2*) for all 
y € D then 


(y, 2*) — (so’y, 2) = (y, * — so’) 
™ f lf K(x, g, So) (Ly(&) _ so'y(€)) ae| (2* (x) - $o’2(x)) dx 








f (Ly(&) — sex) | K (x, &, so) (2*(x) — sa(«) a | dé 


@ 
“a 


(Ly = soy, 2). 


However (Ly — so*y, 2) = (y, s*) — (So?y, 2) = (Ly — Soy, 21) so z = 2 al- 
most everywhere. Thus the domain D* of L* consists of functions in L? of 
the form 


ai(x) = | K(E, x, so)(2*(€) — so'zs(€)) dt 
and L*z, = z*. This implies that 2, € D, and an easy calculation shows that 


— 2; + g(x)z: = 2*, which completes the proof. 


THEOREM 2.2. The spectrum of L consists of an at most countable, bounded 
set of characteristic values and a continuous spectrum on the non-negative real 
axis \ > 0. 


Proof. lf \ is not real and non-negative we have seen that A is in the resolvent 
set of L unless W(A*) = 0. If W(A*) = 0, is obviously a characteristic value 
with characteristic function y,(x, \*). Corollary 1.1 immediately yields the 
statement about the point spectrum except for \ = 0. 

If y(x) is a characteristic function for \ = 0 then by using a representation 
in terms of the Green’s function it is easy to see that y is bounded and approach- 
es 0 at +o. Thus 
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x(x) = — Je — g)g(t)y(&) ae 


and using Lemma 1.1 we see that y = 0 and thus A = 0 cannot be a charac- 
teristic value. 

We see that (LZ — oa)! is not bounded for « > 0 by attempting to con- 
struct yo € L?(— ©, ~) such that 


Jy(x, c) lx| <a 
lo |x| > a. 
Thus we see that the positive real axis is in the spectrum, and as the spectrum 
is closed zero belongs to the spectrum. 

To see that the residual spectrum is empty we note that it must lie in the 
non-negative real axis and if ¢? is in the residual spectrum it is in the point 
spectrum of L*. This would mean that /*(y) = oy has a solution belonging 
to L*. Taking the conjugate of this solution we see that o? lies in the point 
spectrum of L, which contradicts the assumption. 


3. An Expansion of the Green’s Function. We shall first use the 
Cauchy Integral to obtain an expansion of the Green’s function, and then 
use this to obtain our expansion theorem. 

Let Cz denote the contour in the s-plane consisting of the straight line 
tr =5>0 from o = — (R? — 8%)! to o = (R? — 8), and the circular arc 
s = Re from @ = » = sin~'5/R to 6 = x — n. We choose 6 and 2» so that 
if Xo is a characteristic value Im ot # 6 and Ro? > |Ao|; and consider 


(3.1) Ip3 = K(x, & s) s ds 


for R > Ro, and \! within the contour. 

In evaluating (3.1) by residues we see that the singularities of the integrand 
occur at s = \}, and at the square roots of the characteristic values. If A,, 
Ae, .. . are the characteristic values arranged in order so that Im rt > md 
>...; we see that for any 6 and R > R, there is an integer m(5) such that 
Im (\uca))* > 6 > Im (Ancay41)#, and the value of Ig. is thus independent of 
R for R > Ro. As K(x, =, s) is the ratio of two functions, each of which is 
analytic for r > 0 we see that the singularities at 


s? = As, Agi< <> 
must be poles. If we have 
K(x, és) = 20 G,‘(x, &)(s* — ds)? + F(x, & 5) 
p=1 


for s* sufficiently close to \, where F is analytic in s at s = 4, it is easily 
seen that the residue of the integrand in (3.1) at s = A is 


~4¥ G(x, Ha — a)”. 





Si 
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Since the residue at s = \? is $G(x, =, 4) we have 


n(é) mi 


(3.2) Ips = riG(x,t,) — xi Xu > G,‘(x, (A — vy)”. 


— 
Now if we evaluate I, directly we have 
tie €, R 16 R? 240 
Ina = J RE Tp RE ay 
+f craks Re+M), 

~(pr—32)4 (o + is)’ — 
Since |K (x, é, s)| <1K|W(s)|“exp [— r\t — x], and, for |s| sufficiently large, 
|W(s)| > |s|; we see that 


+. "K (x, &, Re" )iR*e™ 5 | <* 
Ke —> R 











7 


for R sufficiently large, and 


(o + 16)K (x, g, + 16) ) 
(o + 18)° 








Brest 


Thus we have 

@ (o + 18)K (x, &, (o + 16)) 
ms (o + 15)" — d 
where the integral converges absolutely and uniformly for Jm\* > 6, > 6 


and any x, &. Combining this result with (3.2) and the remark that Jz. is 
independent of R for R > Ry we have the following theorem. 





lim Ips = de, 
Rx 


THEOREM 3.1. With the notation introduced above, and under the restrictions 
on 6 introduced above, we have 


n(é) mm; 


(3.3) G(x, t,») = 2 LG G,‘” (x, £)(A — A)” 
1 (° (¢ + #) \K (x, &, fet 8) 
ak” at J. (o + i8)° de. 


It will be convenient to write this in a different form, which will exhibit 
the symmetry between L and L*. 


LemMA 3.1. There are sets of functions x;°(x), ¥§(x) for 7 = 0,1,...° 
m,— 1 such that 
(3.4) l(x;'") re dix” - x5. iy, ~ Ri yi? _ v2: 
forj7 =0,1,...,m,—1, where x1 = yi =0, and 
(3.5) Ge, e) = — ¥ xe) Waa - 


j= 
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Also, each x; and py; is bounded by K exp [— 1,|x|/2] where r, = Im AZ, 
and 


(3.6) (x;*, ¥,”) - 2 xs" (x) v(x) dx = 5 udmj—j—1 + 


Proof. Let T(x, —, 4) denote the function which is given by 9(x, rb) y(E, AP) 
for — < x and by 7(é, rN) y(x, \) for x < &. This is trivially an entire function 
of X and G(x, —, A) — I(x, £, A) is of class C? as a function of x or &. Thus if 
C, is a circle with centre at \,, enclosing no other points of the spectrum of 
L we see that 


(4) i = p—1 — 
Gy Cx, 8) = SEP A — AdIGCH, & d) — PG, & NIT AD. 


From this we see that G,‘(x, £) is of class C? as a function of x or &, and 
from this it is easily seen that as a function of x, 1(G,“) — AG, = Gyr, 
and as a function of ~ 
PG”) -+,6,% =6%, 
where 
Guest z= (0. 
From these equations it follows that G,‘® can be given in the form (3.5) by 


functions x,‘ and y,‘® satisfying (3.4). 
Now we also have 


() a © _ 5 wont 
G, (x, £) sa ori $. (A Ai) G(x, g, d) dx, 


from which we see, by taking the radius of C, sufficiently small, that 
IG,“ (x, —)| < K exp [— rx — £|/2]. Using this and an induction we find that 
xj? and y,® are both bounded by K exp [— r,\x|/2]. In order to prove (3.6) 
we note that 


(Lx;*, wr”? _ hi(xs”, ¥,”) + (x{21, v,”) 
and 
(xs, L*¥,”) - r-(x§”, y,”) + (x,£°, y”), 
so that 
(rs — Av) (x57, WP) = (x9, WED) — (x52, WP”). 


From the fact that x,“ = y_,™ = 0 it follows that (xo0°, yo) = 0 for 
k # i so an easy induction yields (x,/°, y,™) = 0 if k # i. To deal with the 
case k = i note that 


J 
(il — »( » xt (x)(A — nr) = x3" (x); 


and thus 
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~ . xe (x) (A — 04)" -f- G(x, &, 4) x5" (é) dé, 


as the right hand side is the unique L? solution of /(y) — Ay = x, and the 
left hand side is such a solution. Thus 


4 
_ xi (x) (A — Ay)" 


-La- 7 f- Gp" (x, &)x5°(E) dt + F(x, 2) 


p=1 


where F(x, ) is analytic at \ = A,. From this we have 


mi—p 


> xi” (x) (x$”, oa 


ie (o (» _ 30 p>jt+il 
Sie (x, 8x5 (@) de a 4 FH 


As 


(4) (a) 
XO y+++ 5 Xmi-t 


are easily seen to be linearly independent we have 


0 p>jrt+il 
x3") Vme-e-e) = /° p<jt+l k#¥j+1-p 
1 P<jt+l kR=j+1-—p. 
Combining this with the result for functions corresponding to different 
characteristic values we have (3.6). 
We might remark that it can be shown that 


1 
x5” (x) = . as. = nat ate Ny rears 


for suitable constants a,‘", and a similar result for y,‘”. 


4. The Expansion in Case [. In order to obtain an expansion analogous 
in form to that which holds when L is self-adjoint, we must modify the integral 
in (3.3) so that it involves only solutions of /(y) = Ay for \ > 0. The obvious 
way to do this is to evaluate the limit as 6-0, but this may lead to two 
difficulties: 

(i) (6) may become infinite and the discrete portion of the expansion may 
diverge. 

(ii) The integral in (3.3) may not exist for 6 = 0 if W has real zeros. 

Although the convergence difficulties do not arise, #(5) may become infinite 
even if L is self-adjoint, We shall construct two examples, both with g(x) = 0 
for |x| > 5, to show that W can have real zeros of sufficiently high order that 
the integral in (3.3) will not exist even as a principal value for 6 = 0. 

As g(x) = 0 for |x| > 6, W(s) = — e*[y,'(— 5, s) + isy:(— 5, s)] and if 
W is to have a zero of order m at s = so we find that we must have 
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yi" (— b, so) + isoy$?(— b, 50.) + iy (— 6,50) = 0, &=0,1,...,m—1 


where 
yi(x,s) = > yi” (x, so)(s — so)” and yi” (x, so) = 0. 
n=O 


Example 1. Third order zero at s = 0. We set y:(x,0) = e*® so that 
g(x) = 10’ (x) — [6’(x)]* for |x| < 5 and require that @ € C”, 6(—6b) = —4r, 
(6) = 2x, 0 (— b) = 0™(b) = O for n > 0, and f°,sin 20(x)dx = 0. 


Example I1. Second order zero at s = 1. We set y:(x, 1) = e”f(x) so that 
g(x) = 1+ f"(x)/f(x) for |x| < 6 and require that f(x) #0 for |x| < 3, 
fd) =”, f™(— db) = (— a*f(-— 5), f € C”, and 


Lf(— 6)}? = — 1+ 2 fr o[f(x)]*%dx. 


Here we may obtain an explicit f(x) as a polynomial if we do not require that 
g€ C’ atx = + 5, that is, set 


4Bf(x) = b(2 — 1b) |a(x — b)?+ (x + 5)?] + x(1 — 1b) [a(x — 5)*— (x+5)?] 
and choose a so that 
a? = — 1 + 2i f° [f(x)]?dx. 


Thus, even if g is a C” function of compact support, the integral in (3.3) 
may still not exist for 5 = 0. We shall now add the assumptions of Case I 
that, for sufficiently small |s|, |W(s)| > K\s| and that W has no real zeros 
except possibly s = 0. 

With these assumptions (5) must remain finite as +0 and we shall 
suppose that 2(é) = m (its maximum) for 6 < do. Thus for 56 < 4» the integral 
in (3.3) is independent of 5, and for 6 < $49 the integrand is bounded by 
K(o? + 1)—' where K is independent of 5. Thus we may set 6 = 0 in (3.3) to 
obtain 


41) Geen d ¥ OG, pa-r»” 


1 
+ 1 [cK (x, §, c) — oK(x, t, — o)] 


Ti Jo o —A) 


LemMA 4.1. We have 





de. 


oK (x, t,a) —_ cK (x, g, = a) 
2i 2 u,. 
- Wows) [yi(x, o)yi(&, — 7) + ya(x, o)y2(E, — o)). 
Proof. From the definition of K(x, §, ¢) we have 
cK (x, t, 0) — cK (x, t, —o) 


“ g aie o)yi(x, #)y2(E, ©) — Wlo)yi(x, — o)y2(E, — 0), E< 
W(c)W(— oc) (\W(— o)yil€, o)y2(x, c) — Wo)yilt, — o)ye(x, — o), x < E. 
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If we denote y,(x, + o)yj/ (x, + 0) — yi (x,  o)y,(x, & &) by W(yi(+0), 
y,;(+ ¢)) and note that 








W(yi(¢), n1(— ¢)) = — W(y2(e), y2(— o)) = — io, 
then 
_ _2i _ -) —VO2(+ 2), 91(— ¢)) = 

y2(€, a) _ W(- a) yilé, a) Ww(- a) yolé, a) 

and 
WwW —@), +a) 

yale, — @) = POON at ye, 0) — Fey Halts + 0). 

Thus 


W(— oa)y1(x, o)yo(t, c) — Wlo)yi(x, — o)y2(t, — o) 
= 2ioy:(x, o)yi(—, — 7) — Wlye(4+ o), v1(— &)) yi (x, o)ye(t, — o) 
— W(yi(— @), y2(+ o)) yi (x, o)ye(E, — 7) + Ztoye(x, o)y2(E, — @) 
= 2io|yi(x, o)yi(—, — 7) + yo(x, o)ye(E, — o)). 


A similar computation yields the same result for x < &. 
CoROLLARY 4.1. G(x, &,) can be written in the form 


(4.2) G(x, &, A) 


-> > ¥E, xe) BW E)(A— a)” 
2 
+2" y7 Sule 208 @) 9, 


t=1 g—A 


where 
(x, 0) = Wo) ~¥i(x,0) and 6,(x,0) = We) 7° 0). 
Here * denotes the corresponding quantity associated with the adjoint equation. 


Proof. As 


yit(x,0) =e — f EEO Fey 06, «) ae 


o 


it follows immediately that 

yi* (x, 0) = yi(x, — @). 
Similarly 

y2* (x, 0) = y2(x, — o) 


W*(c) = W(— oa) 


and using these relations with Lemma 4.1 in (4.1) we obtain (4.2). 
We are now in a position to prove an expansion theorem. 
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THEOREM 4.1. If f € L? for p > 1 then 


mi—l 


(4.3) f(x) = > ay x9 P(x) (fF, WoO 5-1) 


9 = wo 2 - ae 
+= 2 fF" pe) f° MEMES a a, 


i=1 


almost everywhere, for any not in the spectrum. 


Proof. lf f € L? for p > 1 it is easily seen that if \ is not in the spectrum 
of L then 


Jo Gee, 8, ne) ae 


exists and is the unique L?” solution of /(y) — Ay = f. Using (4.2) to calculate 
the integral and applying / — \ we immediately obtain (4.3). 

The last term of (4.3) is not in a very convenient form, but in order to 
simplify it we must impose some restrictions on f. If f € L' then the order 
of integration in the last term may be inverted, and setting 


fae) = J f(x) Ole, 0) dx 


we obtain 
n mi-—l 
(4.4) f(x) = xu 2, xs (x)(f, gie_.s) 
_ 42 [* FF oe fede 
+e-03t 5 ee. 


We define D,; to be the class of functions f € L' with derivatives which 
are absolutely continuous on every finite interval and such that /(f) € L'. 
Then for f € D; choose — a* < 0 not in the spectrum of L and set h = 1( f ) 
+ a*f. Then it is easily seen that f and f’ approach 0 as x approaches + © so 


J wx) 016) de = (0 + 0) J fx) Oe, @) ax 
and thus 
Ifs(o)| < K(o* + af “lh(x) |dx. 


So for f € D, the operation of / — \ in (4.4) may be perfomed under the 
integral sign to obtain 


4.5) fe) = DD xs Wve) +2 f° Douce, odflo) de. 


We also have an analogue of the Parseval equality, and a corresponding 
expansion theorem associated with L*. 





A NON-SELF-ADJOINT DIFFERENTIAL OPERATOR 


THEOREM 4.2. As well as (4.5) we have, for f € D; 


46) fe) = EE we, xd +2 f" E ole, oVfe@) de 
where 
fF(e) = Mion a) dx; 
and if f,g € Di; 
mi—1 o 2 — 
(4.7) (U8) = > De, Fr mi 1-a) (x3, 8) + zi XL, fulo)g*(o) do 


n ker 


WL, Hw d (i, a) +2 I" SS soa) do 


Proof. The proof of (4.6) is analogous to that of (4.5) and to obtain the 
two forms of (4.7) we note that if f € D, it is in L* as well as L' and take 
the inner products of (4.5) and (4.6) with g. In doing this the order of inte- 
gration in the last term can trivially be inverted to obtain the results. 


5. The Expansion in Case II. Here we may assume that for some a > 0, 
e*'*\g(x) € L', but it is a consequence of this about the zeros of W(s) which 
we use. If e*!*!g(x) € L'; yi(x, 5s), yo(x, 5), and thus W(s) are analytic for 
t > — 3a. In conjunction with Corollary 1.1 this implies that W has only 
a finite number of zeros in + > 0, and this is the assumption we make. 


Suppose that the real zeros of W are oi, o2,...,¢,, and perhaps oo = 0, 
arranged so that 0 = a? < o;7 <... < o,*. Choosersothatr < 2(¢,4;’—«¢/7) 
fori = 0,1,...,q — 1 and so that r < min [Jm(\4})]? for all \, in the point 
spectrum (Ax, A2,...,An). We define the contour C by r= /f(c) where 
fic) = 0 for |c? — ¢/7| >r (j running from 0 to g or 1 to q according as 


W(0) is or is not 0), and f(c) = (r? — (e? — o,*)*)* for |e? — «| < r. Now 
if ’ < min[IJm(A?)] the ieeuiael | in (3.3) along r = 6 is equal to the integral 


along C. 
As the portion of C lying along r = 0 is symmetric about 0 we may trans- 
form it to an integral over L = {e\¢ > 0, |c? — o,*| > r} with the same 


integrand as (4.1). The sum of the Poctan gh over the indentations about ¢, 
and — o, can be transformed by a change of variable into 4 $¢,G(x, £, u) 
(u — )~'du where C, is the circle of radius r about ¢,?. Note that G(x, £, ) 
is discontinuous where C, crosses the real axis. This proves 


THEOREM 5.1. Under the hypothese of Case II we have: 
n my mi—D ————E 
(1) GEM =— De De Ve xs°)varssl€) (A — di)» 


i= 
+2 oe, om rc ¢) * G(x, &, ¢ Ha 
aj. > ée 7 p> 241i a eo r 
The only change from as is that the whore in the second term is taken 
over L rather than over [0, ©), and an extra sum is introduced. The other 
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results carry over in the same way, replacing [0, ~) by LZ and adding a new 
summation. We shall merely indicate the forms these sums must take by 
considering a sample term 


eS G(x, &, +) 4 
Qari ~~ 2 r 


In expanding f € D, we have 


” f(é) a x, &, #) 
L-» J 2ai ep ct 
=(L-») ae 1 J Gee & we at a 


-auf, tS G(x, &, u)f(€) dé dy, 


and in the analogue of the Parseval equality we have 


“ti Of. : x G(x, &, u)f(t) dé du dx 


= 579 J, J GG & wee) ae ded. 


The formulas arising from L* are the same with G replaced by G*. 
A transformation of 


Hy) = 5 J” Gt & wife) dt dy 


yields 

2 (o;2+r)4 2 
H,(x) = (L — oJ '= oa (c* — a;’)' > x(x, o)f:(o) do 

<;2— — 

where ¢ is sufficiently large that (s? — o,*)'K(x, =, s) is continuous at + ay, 
but one cannot carry the (unbounded) operator [Z. — o,*]~‘ under the integral 
sign. In particular cases one can also evaluate the limit as r+ 0 in terms 
of the principal value of fo . .. de and a sum of terms which appear to involve 
characteristic functions, but do not. 
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ON THE PRODUCT OF TWO KUMMER SERIES 
PETER HENRICI 


1. Introduction. Let a, 8, u, v, z be complex numbers such that 2 and 2» 
are not negative integers. Using the notation of (4) for generalized hyper- 
geometric series, we set 


= Sa iat [rt - eis] 
(1) ¢(z) = Pf Qu +1 iF; ov +1 


and define a, = a,(a, 8, wu, v) by 


@ 


(2) o(z) = >> a,z". 


It is evident that the function ¢(z) does not change if the parameters are 
subjected to the transformation 


S: (a, B, wu, v; 2) — (8B, a, », w; — 2); 


this merely interchanges the two factors in (1). The function ¢(z) also admits 
of a further, and less evident, transformation. Applying Kummer’s trans- 
formation (4, 6.3 (7)) to the two series on the right of (1), we find that 
¢(z) can also be written as follows: 


e petites! j7+o+ ai—s) 
(3) ¢(z) = ral Qu +1 iF; Oy +1 


Thus, ¢(z) is invariant under the transformation 
T: (a, B, u,v; 2) + (— a, — B, w, ¥; — 2). 
It follows from the above that the coefficients a, satisfy 
(4) a,(8, a, v, w) = an(— a, — B, u,v) = (— 1)" a, (a, 8, w, »). 


These relations of symmetry are not completely mirrored in the representation 
(1) of the generating function of the a,. While it is true that the function 
¢(z) as a whole is invariant under both transformations S and 7, the particular 
factorization (1) is invariant only under S but not under 7. 

The primary objective of this paper is the derivation of a generating function 
for the coefficients a, which renders explicit both relations (4). Widening the 
scope of our problem somewhat, we shall in fact derive a complete set of generat- 
ing functions of the fortn 
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(5) ¥(z) = 4 CyOn2", 


where the ¢, are quotients of products of factorials and the functions y(z) 
are products of two (generalized) hypergeometric series. Any generating func- 
tion of this type belongs to exactly one of four classes according to the in- 
variance of the factorization of ¥(z) under none, exactly one, or both of the 
transformations S and T. The set of generating functions to be given below 
is complete in the sense that each class is represented in it. Applying the 
transformations under which the factorizations are not invariant, we shall 
obtain 4 + 2 + 2 + 1 different factorizations for generating functions of the 
form (5). 

Our results do not answer completely the following question raised by a 
referee. Do there exist generating functions of the form (5) with factorizations 
which are invariant under ST but not under both S and 7? It is easy to 
show that any factorization left invariant under ST and one of the trans- 
formations S and T is left invariant also under the other, but our method fails 
to show whether there exists a generating function with a factorization which, 
although invariant under ST, is changed by both S and T. 


2. Representations of a, in terms of terminating ;/,. By Cauchy multi- 
plication of the two series on the right of (2) we get the expression 


_~ @+4- 6) [-2—s2+)-0—si] 
” = +1ie! “Lye +1,—-7+6—-2+4 


We shall now utilize some results of a theory due to Whipple on transformations 
of functions ;F; with unit argument (2, chapter III). According to Whipple, 
any terminating ;F2 can be represented as a product of factorials and a ter- 
minating ;F2 in eighteen different ways. We divide the resulting eighteen 
representations of a, into four classes, according to whether they are invariant 
under none, exactly one, or both of the transformations S and T. (Two repre- 
sentations which are obtained from each other by reversing the order of 
summation in the hypergeometric sum are hereby considered identical.) The 
representation (6) is typical for the class invariant under S but not 7. The 
following are typical representatives of the other classes: 


(7) gq, = Btr—a—-f+ I) Pee rettett—a a! 
(2v + 1), n! — + 1a+0—-a-s+1 , 











(not invariant) ; 


(8) a, = Mbeya B+ Inti tan 
i (2 + 1), (2» + 1), m! 
F wha PM tl pee 
* Latyv—a-—B+1,—p—-a-—n+} 





(invariant under 7); 
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_ +3 +a)» + § — B)n 
0) ae Cu F Dar + Daa 
pleti-art te si | 
 L-p-a-n+4,—-vr+B—n+} 





(invariant under S and 7). 

Applying to these formulae the transformations under which they are not 
invariant, we get three new representations of the form (7) and one new re- 
presentation of each of the forms (6) and (8). This, together with the reversed 
series, makes up Whipple’s total of eighteen series. 


3. The complete set of generating functions. We now assert that the 
following identities hold: 


' ptrthetethntt—a-_ tol 
(10) Fol2u + 29 + 1:2) P| A py Seiglllity A” (1 — 2) 


_ i +t 2t Ie 
n=0 (utv—a—B+1), " 


(not invariant); 


, eh n as beret we 
(11) Al Qu +1 iF; ov +1 = >) ant 


(invariant under S); 


, upt+4—a;-2 | [tite | 
(12) Fla Fi uptvt+at+6+i 

_ a (2u + 1),(2v + 1), n 
= 2, G@tytatBt+IaQuty—a—B+l,_™ 


(invariant under 7); 
(13) 2Folut+4—a,¥o +34 8B; — 2) 2Folut+}4+a,¥+ } — B52] 
= » (2u + 1),(2v + 1), ano” 








(invariant under both S and T). 

Here we have listed for completeness as (11) once again the generating 
function (2). Applying the transformations under which the factorizations 
are not invariant, we obtain three new generating functions of the form (10) 
and a new factorization for each of the functions (11) and (12). 

The proof of (12) and (13) follows from (8) and (9) by the equations 4.3 
(13) and 4.3 (15) of (4). In order to prove (10), we denote the product on the 
left of (10) by ¥(z) and observe that 


¥(z) = , ¢(— 4s) (1 — 2)", 


where 














466 PETER HENRICI 


(u +» + 4),(u +» + 1),(u + $ — a), 
(Qu + 1),(u+»—a—6+1),p! 


Using the binomial expansion and rearranging, we get 





a= 








Say SF mt Wt Wt My 
¥(2) = 2 a 42) p> 7 * 

= ~ 5 - _ 4 (2u + 2v + 2p + 1)a-» 

"Fg. We (n — p)! 








re , > (2u + 2» + L)n on > (— n)y(u + § — a), (Qu + 2v ++ 1), 
n! ao 60s (Qu + 1), (u t+v—a— B+1),p! 
The inner sum is readily expressed in terms of a, by (7), and (10) follows. 
It will be noted that the generating function (13), which possesses the 
highest degree of symmetry, diverges for every z # 0, unless both series 
on the left terminate. As a formal Cauchy product it retains a meaning in the 
case of divergence. 


n=0 


4. Identities of Cayley-Orr type. Evidently our results can be interpreted 
as identities between the coefficients in the expansion of certain products of 
hypergeometric series. Such identities were first studied by Cayley and Orr 
(see 2, chapter X); more recently, the subject has been taken up again by 
Burchnall and Chaundy (3) and the author (6). In fact, the implication 
(2) — (12) is a confluent form of equation (24) of (3). 


5. An application to the product of two Whittaker functions. In this 
section we shall use the notation of (4) for Whittaker functions and Jacobi 
polynomials. In (5) we have proved a result which can be stated thus: Let 
a, 8, u, v, p, t be arbitrary complex numbers such that none of the numbers 
2u, 2v, 2u + 2y is a negative integer, and let a, be defined by (2). Then the 
following identity holds: 


1-+\"4 (2=+) (te) (J+) 
(14) (t-=2) Ma.s\ p 2 “\P 2 Ms,» a 


x n! 
- 2, Gth+1 4m, 
We now see that the coefficients a, can be defined by any of the generating 
functions given in §3, in particular by the symmetric function (13). Also, 
making use of the results of Bailey (1) on cases where products of two hyper- 
geometric functions can be expressed in terms of a single such function, we 
now could give a systematic account of those special cases of (14) where a, 
can be expressed in terms of factorials only. Most of these cases were noted in 
(5), using ad hoc methods. A further result can be obtained by applying 
equation (2.10) of (1). We have, provided that 2, is not an integer, 


_ ula — n/2 + 3)n 
(u — n/2)nrin! © 








wai” (r)p” Ma+é.u+ r+5+n(p)- 


(15) Gy (a, a, uy — Ht) 











THE PRODUCT OF KUMMER SERIES 467 


After some simplification we thus obtain from (14) 


0 (52) mag?) 
en ula — n/2 + $)n(2u + 1), 7- 
= T(2u + 1) 3 On) = n/2eca EAT) Mamma (0) 


This expansion is a counterpart of the following result, which (in a different 
notation) can be found in (5): 


= g\"? T 
(17) (i= +) Me. {A= 5 "a. A, Lt.) 
ai: y Meter 7" FeeAr Meeepveled 


In both (16) and (17) P denotes the Legendre function of the first kind on 


the cut (4, 3.4(6)). The limits of (16) and (17) as u — 0 can be written in the 
form 


- eo 1 + 
(18) 4 tnd) t*) 


> area — 1)"(a —n a 4) on Pon (7) M 20, 2n+4 (P) 


on8 











where L denotes the Laguerre function and P the Legendre polynomial. For 


= 4 ll terms on the right of (18) vanish except the first. The relation then 
becomes trivial, since Lo = 1, Mi4(p) = e~?/*. 
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ON’ THE PROBLEME DES MENAGES 
MAX WYMAN anv LEO MOSER 


Introduction. The classical probléme des ménages asks for the number of 
ways of seating at a circular table m married couples, husbands and wives 
alternating, so that no husband is next to his own wife. 

An outline of the history of the problem to 1946 was given by Kaplansky 
and Riordan (11). They also presented a bibliography, which is augmented 
and brought up to date in the bibliography of the present paper. 

The first explicit solution of the problem is due to Touchard (23) and the 
simplest derivation of Touchard’s formula is due to Kaplansky (9). In the 
present paper a new explicit solution to the problem is obtained, via an 
exponential generating function for certain numbers closely related to the 
ménage numbers and introduced by Cayley (4). Although the new explicit 
expression is quite complicated, it does lead to some new and deep results 
concerning the ménage numbers. In particular, it is shown that the usual 
asymptotic formula for these numbers can actually be used to compute the 
numbers exactly. 

Several other new explicit expressions for the ménage numbers are obtained 
and one of these suggests a strong conjecture concerning Latin rectangles for 
which some evidence is presented. 

The most extensive published tables of the ménage numbers are those given 
by Lucas (13). These go up to m = 25. In the present paper we present tables 
which give the numbers up to m = 65. These were computed by F. L. Miksa, 
using a recursion formula of Cayley (4), and checked by means of congruences 
due to Riordan (20). 


1. A Generating Function. Rather than deal directly with the ménage 
numbers M, many authors introduce the number U, defined by 


(1.1) M, = 2 (n!) U,. 

Further, Cayley (4) introduced an auxiliary sequence g, defined by 
(1.2) Un = Gn — Gn—% 

and showed that the gq, satisfy the recurrence relation 

(1.3) Qn = % Gn—1 + Qn—2 + (— 1)” (m — 2). 

If we introduce the generating function F(t) by 

(1.4) Fe) = Dawa: 
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then it is easily shown that F(#) is the solution of 
(1.5) (l1—t)F-2F—Fe=te"', 
F(O) = F(O) = 0, 


where the ‘‘dot” means differentiation with respect to ¢. 
The substitution 


(1.6) F = (1 — #)'y,x = 2(1 — 2)! 
makes (1.5) take the form 
(1.7) oxy — (L+x)y = gx(1 — hx’) , 


y(2) = y'(2) = 0, 


where the prime denotes differentiation with respect to x. The homogeneous 
equation is well known and the complementary function can be expressed in 
terms of the modified Bessel functions as 


(1.8) A I,(x) + BK; (x), 


where A, B are constants. 


In order to determine a particular integral P(x) of (1.7), we assume a series 
solution of the form 


(1.9) P(x) = > a,x"**, 


n=O 


Substituting into (1.7) we immediately are led to 


(1.10) Qo = ¢'/16, densi = 0, 
4a2,(n + 1)(m + 2) — dm—2 = & (1 — n)/2™*' n! 


This recurrence relation is easily solved and our particular solution can be put 
into the form 


(1.11) P(x) = ln — yee" 42> 5, an]. 
where 
b, = ( > s!) /nl(n +1)!. 


Replacing s! by 


we find 
(1.12) P(x) = e| 1G) — kx f* + 2f- F(x, sds , 
where F(x,z) = 2 e~* (I,(x) — 2! J, (x 2))/(1 — 2). 


If we introduce the principal value of the integral at z = 1 we can rearrange 
the terms so that 
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(1.13) P(x) = eAL Ii(x) — 4x + af G(x, sds | : 
0 
where 
” a zte~*I,(xz") 
(1.14) L=2f To7@~} G(x, 2) = a 
Thus the general solution of (1.7) must be of the form 
(1.15) y =A, (x) + BK,(x) + P(x), 


where the constants A, B must be chosen to satisfy y(2) = y’(2) = 0. 

The analysis so far is straight-forward and it seems likely that it has been 
carried thus far before. The major difficulty is in the evaluation of the con- 
stants A and B. In view of the complexity of the functions involved it is, 
indeed, remarkable that these constants can be evaluated in a tractable form. 
The evaluation of the constants is given in the next section. 


2. Evaluation of the constants. If f:(x), f2(x) denote two functions of x 
we introduce the usual Wronskian notation W(f1, fe) by 


(2.1) Whi, fe) = fife’ — fefy. 
In order to satisfy the boundary conditions y(2) 


A I,(2) + BK,(2) + P(2) =0 


y' (2) = 0 we have 


wand A Iy'(2) + BKy'(2) + P'(2) =0. 
Since it is well known that W(J,(2), K:(2)) = — 4 we have 
(2.3) A =2W(P(2),Ki(2)), B= 2W(1,(2), P(2)). 


We evaluate these Wronskians, by the usual procedure, from the differential 
equations satisfied by P(x) and J,(x). These differential equations are 


(2.4) «P!+P — (x+x°) P = 3x°(1 — 4x’) exp (4x’ — 1), 
(25) xIf+li-(«+2*2"h=0. 


We multiply (2.4) by J, and (2.5) by P. By subtraction of the resulting 
equations and integration from x = 0 tox = 2 we obtain 


2 
(2.6) 2 W(1,(2), P(2)) = ye f x*(1 — 4x”) &°* 1,(x) dx. 
0 
Hence 
2 
(2.7) B= ye f x*(1 — 4x”) &* I(x) dx, 
0 


and similarly 


2 
(2.8) A=- pe f x"(1 — 4x)" * Ki (x) dx. 
0 
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In order to evaluate (2.7) we write (2.5) in the form 
(2.9) + (x"J,)'— I, = 0. 


Multiplying (2.9) by exp(x*/4) and integrating from 0 to 2 we can show, by 
integrating by parts, that 


2 
(2.10) f e'!* (ax? — 1) Iy(x) de = 1 — e Ii(2) + $e 14(2). 


Similarly by multiplying the differential equation by x* exp(x*/4) and repeating 
the process we find 


(2.11) fo Phat + te) N@dde = 6e 12) — 4¢ HQ). 
0 


Multiplying (2.10) by eight and subtracting (2.11) we obtain 


2 . 2 
(2.12) f e* *(x? — 4x*) I1(x)dx = 8 — 4e Ii(2) — 2e 1,(2) + af T(x) dx 
0 0 


From the known recurrence relations of the modified Bessel functions we 
have 


(2.13) 2 Ii’ (2) + 1,(2) = 2 Io(2). 
Hence 


(2.14) f &* (x? — dx") I(x) dx = 8 — 4¢ Iy(2) + sf "1, (x) dex. 
Let us now consider the integral 
J= f &*"* T(x) dex. 
The substitution x = 2u? transforms J into 


(2.15) J 


1 
f ée* 1,(2 u*) udu 
0 


I : un 
- y arid, eu du 
e > (1 —n+n(m —1)...(—1)"n!)e + (— 1)**'n! 
a n\(n + 1)! 


elI3(2) — I2(2) + 13(2)...] te? -1 
ed (- 12,02) +7 = 1. 





ll 


However, from the generating function for J,(x) we can prove that 


(2.16) é* = 12) +2 > (- 1)" (2). 
Thus 
(2.17) J = te “, 4eI(2) — 1 
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and, from (2.14), 


2 
(2.18) f é”!* (x? — 4x*) I(x) dx = 467°. 

0 
Finally from (2.7), (2.18) we have that the constant B is given by 
(2.19) B = 2c". 


The evaluation of the constant A can also be carried out with the help of 
the integral representation. 


(2.20) 2K; (2u') wt = J exp(— us — #7")ds. 

The final result is that 

(2.21) Aae'+ 2" [" e*/¢0 — 1)dz. 
These results imply that the desired solution of (1.7) is 


oo} -2z ; 
(2.22) y = 267K, (x) — ge *xet** — 267 f fe “Ti(e(e) jas ie) )dz 
; = 


and that the generating function F(#), for g, is given by 
(2.23) F(t) = 2e7*(1 — #)*K,(2(1 — #)') — eS — ae f H(z, t)dz 
0 


where 
H(z,t) = 2 e~* 1,(2(2 — 2t))/(1 — 2 (1 — Ot. 


The modified Bessel functions satisfy the well known differentiation formulae 


(2.24) (4) 2 “I,(2) = 2 "Ia+m(2), 
(2.25) (<4) 2° K,(2) = (— 1)"2 * "Kaim(z). 
Hence 


(2.26) ge. = F™(O) = 2e7°Kysi(2) + (— 1)*** + 2(- tte Masi(2)dz, 


where 
Mayi(z) = 2 €-*2,4; (224)/(1 — 2). 


Since the ménage numbers U, are given by U, = qn — Qn—2 we find that 
(2.27)  U, = 2e*mK,(2) + 2(— 1)" + 2n(- re f M,(z)dz. 
0 


If we replace K,(2), I,(2 2") by their known series expansions we can obtain 
an explicit series expression for U, in terms of n. This expression is very com- 
plicated. However (2.27) is a useful expression in that one can derive many of 
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the known results directly without resorting to the series expression. For 
example, it is readily shown from (2.27) that 


@ 


(2.28) > Unla(2t) = e**/(1 — t) — Io(2t) + 1122). 


n=2 
Hence, by redefining U», U;, to be 1 and —1 respectively we obtain Touchard’s 
result (24): 
(2.29) Dd Unla(2t) = €*'/(1 — 2). 
n=0 


In the next section we shall use (2.27) to derive some new results for the 
ménage numbers. 


3. New results. It has been shown (11) that an asymptotic expansion for 
U, is given by 
2 1 1 | 
~we'ni1— ; 
— _— ni (n—1) * 2m —1)@—2)""’ 


By means of (2.27) we shall prove a much deeper result. 
To prove this result we write (2.27) in the form 





(3.2) U, = 2e7*n K,(2) + Jn, 
where 
o »/2 —2 4 
(3.3) Jn = 2(- oat + ne f Cee at 
0 l—z 
In (3.3) we replace the first term of the bracket by means of 
(3.4) 1=¢" >> 1/m! 
m=0 


and J,(2 z*) by its series expression 


(3.5) I,(22*) = 2” > : 


<= m!(m +n)!" 


m 


Hence J, takes the form 








Me: @ f oo ” F ties ) 
__ oR a Lz yi/mi) +» [Se aS | 
This can be put in the form 

_ n —1 ‘ = ___ Os \ 
(3.7) J, = 2(— 1)"e yon I,(2) + ie cile + mis’ 
where 





c=-f°* dz, 
0 l—z 
ban = (m +n)! — n{(m+n—1)!+ (m+n—2)!4+...4+1) 
= (m+n —1)!m — n{ (m+n — 2)!+ (m+n —3)!4+...4 1}. 


(3.8) 
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It is trivial to show 


(3.9) |C| < 4e7", 

and 

(3.10) \nI,(2)| < e/(m — 1). 

Hence 

(3.11) |\CnI,(2)| < 4/(m — 1)!. 
Let us consider the series term of (3.7) and write 

(3.12) H, = >> ——!m 


mao m!(m +n)! 

_ wi — a{(n — 1)!+...+1)} 

fe n! 

4 (2+ 1)! ~ n(n! + (we — D+... +1) 
(n+ 1)! 








+3 —o 


ma2 m!(m 4 n)! 


_ 2= M+ e-Mit. t1(14 1 ) 


(n — 1)! n+1 
+> bn 


m2 m!(m +n)!” 














If n > 7 it is easily shown that 


(3.13) = Mt ote +1(y 4 1 )< 2 














(n — 1)! n+1 n+1 
and 
(3.14) du =e ail < a= Lt 
Hence for n > 7, 
(3.15) ws <=... 
n+ 1 


Actually (3.15) is a very crude inequality. It is, however, sufficient for our 
purposes. 
Combining these results we have from (3.7) 





4 s 
(3.16) Jel < S41 + Ge — DD! 
if m > 7. 
Hence for n > 8 we have 
(3.17) \Jn| < 0.45. 


Let us now return to (3.2) and examine the series expression for K,(2). This 
is given by 
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n—1 m 
(3.18) K,(2) = 3 > a &— m — 1)! 
+ 4(— 1)" >, Vin +m = eae + 1) 
where 
(3.19) WR+I=1th+44...+2-7,0() = -7 


and ¥ is Euler’s constant. 
It is easily shown that 








= ¥(n + m+ 1) + ¥(m + 1) P 
ae 2, m'(n + m)! < 2(n — 1)!" 
This implies 
n—1 om 
(3.21) Qn K,(2) =» 5 {—) oe mI)! 2 
m=0 H 


where the remainder satisfies |R,| < m e/(m — 1)! 
Combining the results of (3.2), (3.17) and (3.21) we obtain 





(3.22) U, = és > (= Ur(s — m—I)! py 


where for nm > 8 the remainder R,’ is definitely less than }. 
Using the notation {x} to denote the closest integer to x, we have shown 
that, for > 8 


(3.23) u.= he > (— 1)"(n — m — Di 


m=(0 m! 





It is easy to verify that (3.23) remains valid for 0 < » < 7. Hence we have 
proved the following theorem: 


THEOREM. For all values of n the ménage numbers U, are given by (3.23). 


It is thus seen that the asymptotic expansion obtained in (11) is much 
more than an asymptotic expansion. 

In concluding this section we might remark that about half of the terms in 
(3.23) are redundant in that their sum adds up to less than }. Further our 
analysis also implies that 
(3.24) U, = {2e* n K,(2)}. 


We shall make use of (3.24) in the next section to make an interesting 
conjecture. 


4. A Conjecture. The modified Bessel function K,(2) has the integral 
representation 


(4.1) K,(2) = sf prea. 
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Hence (3.24) may be written 
(4.2) U, = \e n - P= aorta . 
The discovery of (4.2) led us to re-examine some of the known results in 


Latin rectangles. The simplest problem in this class is the so-called ‘‘probléme 
des rencontres.’’ This asks for the number of ways R, of writing a second line 


of integers 1, 2, . .. m which is discordant with a first line of integers written 
in their normal order. It is well known that 
(4.3) R, = {e'n!} = vf x" e*axt 

0 


Next in simplicity, in this class of problems, is the so-called reduced three line 
Latin rectangle problem. This asks for the number of ways P, of having two 
lines of integers each of which is discordant with the first line of integers, 
written in normal order. For this case it was shown by Yamamoto (26) that 


(4.4) Powe enp?| 1 + AS 4) , Ho(— 9), ]. 


n n(n—1) °° 





where H, (x) is a Hermite polynomial. 
We have been able to prove an equivalent formula, namely 


(4.5) P, ~ €* (n!) f a pe 
0 


Finally Erdés and Kaplansky (7) have shown that the number P,* of reduced 
(m by (k + 1)), Latin rectangles is given asymptotically by 


(4.6) Pere YO (_n 4 1 — (*)n + (:(#)' + i(*) tin 5)) a*+.. | 


for K < (log n)*?-*. The validity of the same formula was proved by Yama- 
moto (26) for k < n'*-*. The structure of the formula suggests an integral 
representation of the type 


(4.7) Pin~ eH Ege? es exp( - x— (*) 
+ i(*) (k—5)x*+.. ) dx. 


Formula (4.7) is, as we have seen, true for k = 2,3. If it were possible to prove 
an integral relation of this type then the asymptotic behavior of P,* could be 
determined for all values of k. 


5. An exact expression for the ménage numbers. The usual explicit 
expression given for the ménage numbers U, is 


(5.1) U= Db (- i's ‘ z Vn ~ bk)! 


k=0 
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In this section we shall derive a second expression from Touchard’s generat- 
ing function (2.9) 


(5.2) YU, Ia(2t) = 4/1 - 8) 


Touchard has remarked that (5.2) constitutes a Neumann expansion for the, 
function e~*‘/(1 — #) in terms of the modified Bessel functions J, (2¢). However 
as far as we are aware, (5.2) has never been inverted to give an explicit expres- 
sion for the U,,. 

If we expand ¢~*‘/(1 — #) into a Maclaurin expansion of the form 





—2¢ r 
P e _ = ket 
(5.3) l3" a _ 
then 
. ° £ | aS (-2) 
(5.4) =| $£— =A ee ” 


Further from the well formulae for the coefficients of a Neumann expansion, 

(5.2) gives 
e 
t 
(5.5) — 2(a" ae) f¢ <_On(2it) , (24 da 
=— § 

where C is any closed contour, enclosing ¢ = 0, such that |t/ < 1. O,(z) are the 
so-called Neumann polynomials given explicitly by 








(in) = - 2m—n—-1 
5.6) Oe) = ¢ dS De) 
m=0 m. 
It follows immediately from (5.4), (5.5) and (5.6) that 
[jn] m 
- (— 1) "n(n — m — 1)! Ry_om 
65.7) U, = 4 m'\(n — 2m)! 


If we use the umbral convention of replacing k, by k’ we obtain the neat, 
mnemonic, formula 


(5.8) U, = 2 T, (4). 
where 7,(%) is the Chebyshev polynomial. 
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Table of Ménage Numbers, U, 

n 

0 1 
1 —1 
2 0 
3 1 
4 2 
5 13 
6 80 
7 579 
. 4738 
9 43387 
10 4 39792 
11 48 90741 
12 592 16642 
13 7755 96313 
14 1 09274 34464 
15 16 48064 35783 
16 264 93914 69058 
17 4522 64356 01207 
18 81705 64062 24416 
19 15 57461 89109 94665 
20 312 40021 86712 53762 
21 6577 61864 45769 02053 
22 1 45051 25042 12302 24304 
23 33 43382 81820 37841 46955 
24 803 99425 36462 706 80706 
25 20136 19745 87449 39236 99123 
26 5 24412 12770 21518 36760 81296 
27 141 80874 54121 35441 26917 90045 
28 3976 29238 67612 00144 54828 24194 
29 1 15464 79231 29989 49665 85597 50193 
30 34 68204 08266 14983 47273 40955 31712 
31 1076 37754 44394 44821 25463 33529 40175 
32 34481 07559 89439 56929 18585 03293 19426 
33 11 39021 31602 21345 03795 43638 02432 51567 
34 387 63360 88757 64510 83282 09689 42454 55168 
35 13579 25683 97610 83548 12838 24806 55155 91633 
36 4 89265 635i81 72674 64273 50357 97412 89388 39554 
37 181 17111 44161 23578 95013 36816 90501 14249 74653 
38 6889 66679 77874 33823 33907 79975 80757 02511 45232 
39 2 68887 96926 13377 25044 79310 17322 96268 42696 37331 
40 107 62771 05129 32852 47921 55467 77103 56797 10498 56642 
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Table of Ménage Numbers, U,. 
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& S&EESE a 


61 


62 


27158 19299 


92576 17576 


94695 41458 


52151 42090 


52094 
98379 





NOTE: Ug = 15825417445... 





etc. 
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NEW BOOKS OF GENERAL INTEREST 
FROM UNIVERSITY OF TORONTO PRESS 


OUR DEBT TO THE FUTURE 


Edited by E. G. D. MURRAY, F.R.S.C. 


In 1957, the Royal Society of Canada, celebrating the 75th anniversary of its 
foundation, departed from the accustomed pattern of its meetings. Instead of 
meeting in separate sections, Fellows from all sections of the Society were asked 
to contribute to a series of panel discussions: “The Roles of the Scientist 

and the Scholar in Canada’s Future”; “The Penalties of Ignorance of Man’s 
Biological Dependence”; “The Social Impact of Modern Technology”; 

“Our Economic Potential in the Light of Science”; “Human Values and the 
Evolution of Society”; “Let Us Look at Our Human Resources.” Twenty-seven 
distinguished Canadian scholars have contributed to this volume, which is 
further prefaced by the address given by His Excellency the Right Honourabie 
Vincent Massey, Governor-General of Canada. $4.00 


THE REACH OF SCIENCE 


By HENRYK MEHLBERG 


This volume attempts to deal in a systematic manner with the range and limits of 
scientific method, utilizing numerous findings in the logic and methodology 

of science. Through a detailed analysis of the main fact-finding and law-finding 
scientific methods, as well as of the more intricate methods of forming scientific 
theory, the author reaches the conclusion that if any cognitive problem is 
solvable, its solution can in principle be found by applying scientific method. $5.50 


SCIENCE AND THE CREATIVE SPIRIT 


Edited by HARCOURT BROWN 


In the world of today, men on both sides of the science-humanities barrier feel an 
urgent need for mutual understanding. This symposium, sponsored by the 
American Council of Learned Societies, stresses that it is only in a spirit of 
disinterested yet sincere evaluation that science and humanism can escape 
disastrous consequences in the future. Karl W. Deutsch (M.1.T.) deals with the 
general area of interplay between the sciences and the non-scientific aspects of 
our culture. F. E. L. Priestley (University of Toronto) discusses the impact 

of science on English literature. David Hawkins (University of Colorado) 
surveys the anthropological background of science. Harcourt Brown (Brown 
University) gives an account of the influence of the scientific outlook in French 
literary culture, and contributes an introduction explaining how the book came 
to be written. $4.50 





